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This thesis investigates how the problem of stiffness regulation of continuum ma-
nipulators can be simplified by inspiration from morphology of biological fish scales
and experimental observation of manipulator geometry deformation. Soft continuum
trunk and tentacle manipulators have high inherent dexterity and reconfigurability
and have become an attractive candidate for safe manipulation and explorations in
surgical and space robotic applications recently. The passive shape adaptation and
large reachable configuration space features of this class of manipulators, due to their
highly deformable nature, make them a perfect choice for minimally invasive inser-
tion of surgical tools in the confined maze-like space in many robotic surgery sites.
However, achieving accuracy in precise tasks is a challenge with these highly flexible
structures, for which stiffness variable designs based on jamming, smart material,
antagonistic actuation and morphing structures are introduced in the recent years.
After a careful review and comparative study of current methods on modeling and
stiffness modulation of continuum manipulators, an analytical model is presented
based on the geometry deformation of continuum manipulators and the Rivlins work
on continuum media and adopted the Ritz and Galerkin methods to solve the dy-
namics of continuum manipulators based on Cosserat beam theory and principle of
virtual work. Our new approach reduces model and control space dimension while
preserving the accuracy. This enabled us to solve the stiffness regulation actuation
and computation problems in the morphological level which highly simplifies the
central control design. Two novel integrable helical interfaces inspired by the shape
and special arrangement of fish scales morphology is designed using tendon driven
and thermoactive low melting point actuation mechanisms. High stiffness range,
very low hysteresis and easy integration to different manipulator designs are the
advantages of our design compared to the previous research. An analytical model
is derived based on which the performance of the design is optimized. A compar-
ison between the presented robotic interface designs and a real fish skin suggests
that natural scales may contribute in stiffness modulation of the fish body through
jamming, e.g. due to external stream and steady water pressure. Finally, a novel de-
centralized morphological approach is implemented to regulate the regional stiffness
of the continuum manipulator integrated with the designed jamming interfaces to
v
reject configuration disturbances and modulate the task space stiffness with possible
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Performing complicated biological tasks such as manipulation in unpredictable con-
ditions where safe interaction with the environment are important requires dexterity
and compliance where low actuation energy, high dexterity, reachability, maneu-
verability, back drivability and self adjustablbility of continuum mechanisms are
shown to be advantageous [1]. In nature, biological creatures benefit from com-
pliant muscle-tendon-bone structures capable of exerting instantaneous high-peak
forces and velocities necessary for such tasks [2]. On the other hand, to address
the common problems with current actuation methods in robotics research, such as
back drivability, stiffness control and energy consumption, different methods such
as compliance actuation [3], Antagonistic actuation [4, 5], reconfigurable design [6],
and more recently use of stiffness tuneable material [7] and morphing structures [8]
are employed. The control of damping to achieve a desired stiffness is shown to be
important too, for task accuracy and control stability [9, 10]. However, compliance
has disadvantages such as reduced control bandwidth, stability issues and under-
damped modes where high stiffness modes are required to achieve precision in tasks
involving working against external loads [10].
1
1.1. Background 2
Soft continuum manipulators, mostly inspired by octopus arms, snake, land animals’
tongue and trunk, with high inherent dexterity and reconfigurability, have become
an attractive candidate for safe manipulation and explorations in surgical and space
robotic applications in recent years. The passive shape adaptation and large reach-
able configuration space features of this class of manipulators due to their highly
deformable nature made them a perfect choice for minimally invasive insertion of
surgical tools in the confined maze-like space in a robotic surgery [11, 12]. Among
the continuum manipulator designs, braided pneumatic and hydraulic actuators
provide a uniform homogeneous deformation, robust geometry and force control,
and linear and reversible behavior [13, 14, 15, 16] compared to the non-braided
versions [17, 18, 19] which circumferential expansion limits their application in con-
fined space. The control design of such manipulators is mostly limited to simple
kinematic and static models for the configuration and force control and observation
[20]. Real-time accurate dynamic control of this class of manipulators considering
their inhomogeneity and compound structure is still an open question where even
the advantages and shortcomings of the current solutions are not addressed clearly
in a comparative study of the methods in literature. Besides, accuracy in precise
tasks is a challenge with highly flexible structures for which stiffness variable designs
based on jamming, smart material, antagonistic actuation and morphing structures
are introduced in the recent years [21]. The uncertainty in the material deformation
due to highly elastic environment, insufficient flexibility and lack of control feedback
are the limitations of continuum manipulators [22]. While most of the research have
been focused on the design and modeling of soft manipulators, methods of stiffness
control for soft media has recently shown to be important for efficient minimalist
actuation, minimal invasive interaction, and control and sensing precision [23]. A
review on different continuum manipulator designs is presented in Fig. 1.1.
As a biological solution, animal skin and scale in nature show stiffness regulation in
response to irritation or penetrating forces. Many animal species such as fish, turtles,
armadillo and snake have hard scale or osteoderms as flexible armor and a means
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a) b) c)
d) e) f)
Figure 1.1: Review of different continuum manipulator designs, (a) an inflatable
tendon driven design [24], (b) OCTArm with braided extensile pneumatic actuators
[14], (c) a design with external braids and hydraulic actuators [25], (d) STIFF-FLOP
with silicon actuator and body shell [26], (e) a shrinkable design with antagonistic
tendon and pneumatic actuation [4], (f) a long tendon driven tendril design [27], (g)
a SMA driven bio-inspired design [28].
of friction regulation in contact with the environment where finite size hard plates
provides flexibility, protection, transparency and breathability with light weight [29].
While the scales slide almost freely in general movements, the overlapping scales are
jammed as a result of normal penetration force while the overlapping area increases
by inward bending of the skin to provide protective functionality [30]; however, the
role of the passive or active scales jamming on the body stiffness adaptation has not
yet been addressed.
In engineering tasks such as minimal invasive surgery [21], industrial [31] and in-
space [32, 27] inspection, where continuum and soft robots are shown to be advan-
tageous, multiple tools with different but fixed compliance and stiffness are usually
used in different steps of a task. For examples, the tip bending stiffness of commer-
cially available catheters varies between 16 and 31 [KNmm2] [21]. Jamming concept
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and stiffness tunable material are used in variable compliance continuum robot ma-
nipulation and inspection studies to achieve a universal solution for different steps
of a task that requires different structural stiffness [21]. Such designs are beneficial
for other futuristic variable compliance robotic studies too which are not utilized in
real-life engineering applications yet. Jamming concept, for stiffness control through
modulating the Coulomb friction and viscous damping between the jammed media,
has been utilized in design of stiffness controllable actuators [33], flexible manipu-
lators [34], variable stiffness joints [35], rehabilitation devices [36], stiffness displays
[37], biomimetic organs [38], reconfigurable mechanisms [39] and grippers [40] of
which a comprehensive review is presented in [21]. The comparative study by Wall
et. al. on granular, layer and scale jamming used in a selective stiffness control-
lable pneumatic actuator, PneuFlex, showed the layer jamming arrangement to be
the most capable design with an eight times increase in the stiffens and 2.23 times
increase in the resisting force [33]. Tendon driven jamming is introduced recently to
overcome portability limitation of pneumatic enabled jamming in underwater and
space applications where a continuum rod flexural stiffness is controlled by mod-
ulating the shear friction force between the scales [38, 41] and helical rings [42].
The resulting Coulomb damping opposes the inter-layer shear forces caused by the
external load bending momentum.
thermoactive stiffness tuneable structures and material have attracted much research
in the past few years due to their high range of stiffness change, easy electrical modu-
lation through heating and possible 3D printing fabrication [43]. Low melting point
(LMP) alloy such as field’s metal [44, 45, 46, 47, 48, 49, 43] and LMP compos-
ite material with inherent thermal instability such as wax [50] and ABS which are
used as the base material in many standard 3D printing devices has been utilized
to design 3D printable thermally stiffness tunable structures [51, 52, 53, 54]. As a
result, new compound micro actuators capable of actuation and shape fixation with
high reversibility and load bearing capacity are designed such as thermally stiffness
tunable actuator fiber in [55] and thermally tunable shape memory electroactive
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polymer in [56]. A series of publications by Yang and Chen in the last year on
3D printable thermally stiffness tunable structures shows the promising features of
these LMP material including a hyper redundant robotic manipulator using a LMP
composite to modulate the damping coefficient of spherical joints fabricated by a
purpose built multi-extrude 3D printer [52], where a 4.65-5.76 times increase in the
stiffness through glass transition of the LMP composite is observed [51]. A compre-
hensive review on the applications of LMP material in fabricating shape memory
polymers for stiffness control, self healing, and shape reconfigurable applications can
be found in the recent review article by Van Meerbeek, et. al. [43]. A review on
different stiffening designs for continuum manipulators is presented in 1.2.
The reconfigurability and adoptive morphology of stiffness controllable mechanisms
enable adaptive functionalities by minimizing trade-offs during certain tasks [64];
however, requires cumbersome analytical and computation tools to plan and con-
trol which cannot be addressed solely with the traditional approaches [65, 66, 67].
Recently, a new field of research, so-called embodied intelligence or morphological
computation, has emerged where the physical body morphology is exploited as a
means of control or computation [23, 68]. In this context, the traditional central
numerical or neural circuits are replaced with the morphological computation power
of available local and peripheral physical hardware. This results in a uniform and
disperse control system where the tasks is fulfilled locally in separate portions and
in different places, known as decentralized control design which is recently intro-
duced in the soft robotic research [69]. It is shown in biological [70] and robotic
[71, 72] studies that in a decentralized control system, while the local sensory and
computation capabilities may be limited to simple or repetitive tasks, the system
benefits from parallel computation and execution capability, lack of communication
delay and breaking a complex problem into simple sub-problems. Following this
short introduction, the used hardware and experimental procedure in this thesis is
explained in the next section.
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Figure 1.2: Review of different stiffness control designs for continuum manipulators,
(a) a tendon driven interlocking design [57], (b) a fiber jamming design [58], (c) an
tendon stiffening design for STIFF-FLOP [59], (d) granular jamming stiffening de-
sign for STIFF-FLOP [60], (e) tendon driven sccale jamming design for long tendril
[38], (f) layer jamming design with overlapping flaps [61], (g) anisotropic stiffness
control of a continuum manipulator with granular jamming [62], (h) granular jam-
ming for stiffness control of continuum manipulator [63], (i) thermoactive stiffness
controllable designs based on LMP alloy (Field’s metal) [48] and (j) LMP composite
(a wax coated 3D printed lattice structure) [50].
1.2 Used Hardware and Experimental Procedure
We used STIFF-FLOP (STIFFness controllable Flexible and Learn-able manipula-
tor for surgical OPerations) pneumatic actuator modules [15] as a standard, simple
yet accurate and durable design without inhomogeneous deformations, i.e. due to
structure swell as in [19, 73]. A similar design is used in recent research [20, 74, 75]. A
single STIFF-FLOP soft actuator module is a three degree of freedom (DOF) pneu-
matic continuum actuator with three braided extensor actuator chambers placed
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a) b) d)
Figure 1.3: (a) A STIFF-FLOP module bending due to pressurization of one of its
three pneumatic chambers, (b) module structure in a cross-section view, showing
the 120 [deg] placement of three sets of double pneumatic chambers, (c) a continuum
manipulator with two STIFF-FLOP pneumatic actuator modules, (d) the continuum
manipulator in action.
with an offset from the module central axis and enclosed in a soft body shell shown
in Fig. 1.3 [16, 15]. Soft silicon structures are molded using Ecoflex 50 (tensile
strength 2.17 [MPa] and 100% modulus (E100%) 82.73 [KPa], from www.smooth-
on.com) [16]. Structural parameters are presented in Table 1.1. Synchronized actu-
ation of the pneumatic chambers causes the module to elongate while asynchronized
actuation causes it to bend laterally. The module cross-section deforms from a per-
fect circular shape while bending, shown in Fig. 1.4. STIFF-FLOP pneumatic
actuator chambers are Mckibben like highly elastic extensile pneumatic artificial
muscles, threaded helically with an ordinary sewing thread (Fig. 1.6). The thread
helix converts radial expansion of the pressurized tube to axial deformation. An
extensile chamber, with a braid helix lead angle of more than 54.7 [deg], elongates
while a contractile chamber, with a braid helix lead angle of less than 54.7 [deg],
shrinks as they are pressurized [76, 77]. The thread constraints the radial and axial
deformation of the tube while it should be free to slide tangentially. Braids in the
well-known ”OCT-Arm” series of continuum robots introduced by Pritts and Rahn
[78], are to some extent free to slide tangentially [79] while they are implanted in
the tube silicon body for the STIFF-FLOP. The threads may fold locally if they are
constrained tangentially to the body as in the STIFF-FLOP case (Fig. 1.6.c). A
body shell is required to constraint unwanted deformations of the chambers since
the inhomogeneity of molding and braiding causes a single chamber to bend ran-
1.2. Used Hardware and Experimental Procedure 8
a)
b)
Figure 1.4: (a) A STIFF-FLOP module bending due to pressurization of one pneu-
matic chamber, (b) module cross-section deforms from a perfect circular shape when
bent.
domly instead of pure elongation depicted in Fig. 1.6.b. The body shell is molded
using Ecoflex 50 silicon around the braided chambers. A temporary fixture, which
is replaced with silicone caps, hold the chambers in place while the silicone cures.
The modules are inherently compliant and soft, making them suitable for safe in-
teraction in minimally invasive medical tasks. The uniform and tick body shell
results in linear repeatable and durable performance. The relatively high actuation
pressure range of the pneumatic actuators (0-2 [bar]) provides the necessary force
and stiffness required for most of the minimal invasive surgeries (MIS)(17.2 [N/rad])
[61] and close to the specifications of the commercially available endoscopes (15-31
[KNmm2]) [21]. We chose STIFF-FLOP modules because of their high repeatability
and negligible performance change due to aging and fatigue during the experimen-
tal trials. The experimental results for different lateral external forces acting at
the tip of a single STIFF-FLOP with new design module [15] shows small variance
(S2 = 0.0016− 0.0064) and standard deviation (S = 0.04− 0.08) for a straight and
bent (S2 = 0.01−0.03 and S = 0.1−0.18) configuration [59]. These values are very
small for module deformation (elongation and bending angle) in different actuation
scenarios [15]. However, accurate modeling of these modules are challenging due to
inhomogeneities as a result of the fabrication process.
The STIFF-FLOP modules are highly flexible and sensitive to changes in the input
pressure. Our tests show good repeatability in their actuation and fast linear re-
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Figure 1.5: Experiment setup and control system diagram.
sponse to the input pressure. The molding process guarantees a robust module that
can operate for a long time; however, their long-term repeatability has not been
investigated yet. The handmade fabrication of the modules results in structural
and performance differences. Different volume ratios of the silicone components, air
bubbles trapped in the molding process, imperfections in the radial and angular po-
sitioning of the twin chambers and small differences in the active length and active
surface area of the chambers due to excessive use of glue to support the caps in
some cases result in differences in structural and performance characteristics of the
modules. Two STIFF-FLOP modules have been used for the tests in this chapter.
They have almost identical dimensions but different active length due to differences
in their molding process. The different parameters are marked with a † in Table 1.1.
The modules are driven by a set of ITV0030-3BS-Q compact pressure regulators
(SMC Pneumatic Ltd, Noblesville, United States) connected to a BAMBI MD
Range, Model 150/500 pneumatic compressor (Bambi Air Compressors Ltd, Birm-
ingham, United Kingdom). A LabView program is designed to feedback control the
pressure regulators through USB connection and a USB-6211 DAQmx (National In-
strument Ltd, Texas, United States) data acquisition board. We used a NDI Aurora
(Northern Digital Inc, Ontario, Canada) tracking system to record the movement
of each module tip. A control diagram for the experiment setup is presented in Fig.
1.5.
The results in this thesis are based on experimental setup dimensions (Table 1.1)
and compared with the results from the following set of experiments.
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b)a) c)
Figure 1.6: (a) A STIFF-FLOP braided extensor actuator, (b) the actuator bends
instead of pure elongation due to inhomogeneity in the braiding and tube molding,
(c) side view of a pressurized pneumatic chamber showing that the braid folds locally
because the thread cannot slide on the tube while the chamber elongates and the
tube cross-section (not shown in the figure) decreases (EXP.1).
Figure 1.7: Experiments on one STIFF-FLOP module, (left) without and (right)
with extensive external load at the tip (EXP.2).
Active Modules
Inactive Module
Figure 1.8: Experiments on general 3D deformation of, (left) one STIFF-FLOP mod-
ule, (middle: EXP.3-I) a continuum manipulator with two STIFF-FLOP modules
with one active module and (right: EXP.3-II) two active modules.
1. EXP.1: Actuation of a pneumatic braided extensile chamber (Fig. 1.6) to
identify the properties of the most important compound of a continuum ma-
nipulator. The axial deformation of a single isolated chamber, which is placed
1.2. Used Hardware and Experimental Procedure 11
horizontally on a flat surface, is measured for six different pressure values in
static loading condition.
2. EXP.2: Planar deformation of a STIFF-FLOP module with extensive external
load at the tip (task space) (Fig. 1.7). The manipulator response to task space
extensive load is an important, but merely investigated in literature, factor
to evaluate a continuum manipulator analytical model and structure design
performance in medical applications involving palpation and working against
body tissue. Different combination of planar external force and moment are
exerted at the tip of a STIFF-FLOP module bent with two equally pressurized
active chambers and one inactive chamber inside the bend. The external load
value varies with time and the test is repeated for two different pressure input
values. Static data for the equilibrium points, when the setup remains static
for more than 5 [s] after a change in the input pressure or external load values,
and dynamic data are recorded.
3. EXP.3: Random pressurization of a continuum manipulator with two STIFF-
FLOP modules to study the general 3D deformation a multi-segment con-
tinuum manipulator under extensive body load (Fig. 1.8). Once, only one
module is actuated while the second inactive module acts as an external load
(EXP.3-I: Fig. 1.8.middle), then both modules are actuated to evaluate the
manipulator performance with multiple segments (EXP.3-II: Fig. 1.8.right).
The segments are actuated independently with random pressure values gener-
ated by a LabView program. Static data for the equilibrium points, when the
setup remains static for more than 5 [s] after a change in the input pressure,
and dynamic data are recorded.
All the setups are fixed upside down, with the tip toward the gravity direction, as
the initial orientation of a continuum manipulator in most medical applications.
This is also an inherent stable orientation for an inactive continuum manipulator.
Absolute and reference values are used for error analysis where necessary. Absolute
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Symbol [unit] Description Value(a) value(b)
rp1 [mm] Pressure chamber inner radius 2.5 2.5
rp2 [mm] Pressure chamber outer radius 3.0 3.0
γ[deg] Thread helix lead angle w.r.t. tube axis 89.38 89
ro [mm] Placement radius for pneumatic chambers 9.0 8.5
rc2 [mm] Body shell outer radius 12.5 (12)
† 12.5
rc1 [mm] Body shell inner radius 4.5 4.5
l [mm] Module initial length 44.0 44.0
lfs [mm] Force sensor length between segments 16.6 (17) 10.0
E‡ [KPa] Material Elasticity modulus 100 (205) 100 (205)
g [m/s2] Gravity 9.81 9.81
b [grams] Module body mass 24.0 24.5
bL [grams] External load mass at tip 1.0 11.0
µ‡t [Ns/m] Axial damping in static tests 0.1 0.1
µ‡r [Nms/rad] Bending damping in static tests 5e− 4 5e− 4
µ‡v [Ns/m] Axial viscous damping in dynamic tests 1e− 3 1e− 3





Material density 1300 1300
†Values which are different for the experiments carried out in section 3.3.
‡Identified parameters.
Table 1.1: STIFF-FLOP Parameters for the experiments with the body loads (a)
and extensive external loads (b). The module parameters are slightly different due
to fabrication inaccuracy.
error is the deviation of the predicted values from the actual ones and is used to
compare different methods that are implemented in this research. Reference error
is used to compare results from different studies with different manipulator designs
in the literature [74, 75] and is defined as the absolute error divided by a reference
value which is the manipulator initial length.
1.3 Motivation and Objectives
Following the short introduction on the background related to this thesis topic and
the overview of the used experimental setup and procedure, the motivation and
objectives of this thesis are explained below. Soft continuum manipulators with
high inherent dexterity and reconfigurability have become an attractive candidate
for safe manipulation and exploration in surgical and space robotic applications
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in recent years. The passive shape adaptation and large reachable configuration
space features of this class of manipulators due to their highly deformable nature
made them a perfect choice for minimally invasive insertion of surgical tools in the
confined maze-like space in a robotic surgery. However, accuracy in precise tasks is
a challenge with highly flexible structures, for which stiffness variable designs based
on jamming, smart material, antagonistic actuation and morphing structures are
introduced in the recent years. The control design of such manipulators is mostly
limited to simple kinematic and static models for the configuration and force control
and observation. Real-time accurate dynamic control of this class of manipulators
considering their inhomogeneity and compound structure is still an open question
where the advantages and shortcomings of the current solutions are not addressed
clearly in a comparative study of the methods in literature. On the other hand, the
efforts for stiffness regulation of this class of manipulators is limited to preliminary
designs as proof of concept, usually with uniform homogeneous modulation along the
axis or cross-section of the manipulator and for static cases based on simple model-
free feedback control designs. Most designs in this context do not go further than the
available technologies and despite the manipulator design itself, bio-inspiration from
design and control of similar structures in nature is less addressed in the literature.
Such inspiration can improve the current design and improve our knowledge of the
natural mechanisms. There is limited research on regional and directional stiffness,
force and configuration control of continuum manipulators. Limitations in the
modeling of continuum manipulators, stiffness regulation designs being in
their early steps of proof of concept and challenges in the real-time force
and configuration control of such highly dexterous designs are current
challenges that prevent them from real-world applications.
Such challenges cannot be addressed solely with the traditional centralized deter-
ministic approaches. The concept of morphological computation is a new approach
toward design, understanding and control of intelligent systems where the body is
considered as an intelligent element in the system and contributes to the compu-
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tation, cognition and effective engagement with the task space. While the com-
munity is still at the stage of providing a universal definition for this
approach and identifying and unraveling the examples of such behavior
in their design, a mathematical approach to identifying, implement and
test the concept of morphological computation in the design and control
of stiffness tunable continuum manipulators is yet to be not addressed.
Unraveling how an intelligent morphology design contributes to the effective perfor-
mance of a system, through mathematical models and experimental observation and
prototype test, helps with reducing the complexity of design and control problems
for the complex behavior of stiffness tunable continuum mechanisms with large state
and control space.
This thesis investigates how the problem of stiffness regulation of continuum ma-
nipulators can be simplified by inspiration from morphology of biological fish scales
and experimental observation of manipulator geometry deformation. It is important
to note that, in contrast with a common engineering thesis, in which a modeling
or technology should be introduced in the context of some specific requirements or
specifications that need to be achieved; in this thesis, we try to understand the
underlying principles related to the aforementioned objectives and to identify the
opportunities that these basic principles can offer in different real-world continuum
manipulator applications, with a more specific focus on minimally invasive surgery
and medical applications. To this end, the advantages of the proposed methods and
designs in this thesis are discussed in response to the challenges, that are identified
in our survey, and compared to the available approaches and technologies in the
literature. We believe that the presented discussions on the relative performance
improvement by our methods and designs show new opportunities for reducing the
distance of current technologies to their feasibility in real scenarios.
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1.4 Contributions
The contributions of this thesis are:
• For the first time, a comparative study of five main methods in the litera-
ture for kinematic, static and dynamic modeling of continuum manipulators
is presented in a unified mathematical framework and in comparison with
experiments.
• A new analytical framework, based on Rivlin’s work on ’The Problem of Flex-
ure’ and Ritz and Ritz-Galerkin solutions, is established to describe the cross-
section and backbone geometry deformation and mechanics of a continuum
manipulator based on experimental observations. The presented approximate
solution for modeling of continuum manipulator backbone is shown to be the
most accurate model with the smallest possible number of modeling states, in
comparison with the available methods in literature, and suitable for real-time
modeling, observation and control applications. For the first time, the model
in this thesis provides an approximate analytical solution for the manipulator
cross-section deformation and introduces the bending effect in the model of
a braided extensile pneumatic actuator with both stiff and bendable threads.
The importance of considering mechanical effects of planar and axial highly
elastic deformation on the manipulator modeling accuracy is established. The
presented framework can be used for modeling state space reduction, exact
modeling and design optimization of compound continuum manipulators by
using approximate empirical shape functions, incorporating structural param-
eters and providing an analytical tool for sensitivity analysis.
• The possibility of biological scale jamming in a real fish skin is observed
through modulation of the normal force between the scales, especially when
they are on the inner side of the bend. We observed a reversible and smooth
load cycle with small hysteresis due to the biological scales special morphology
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and special inclined stacking formation in jamming which shows the possible
role of a jamming mechanism in stiffness modulation of the fish body.
• Two novel integrable helical interface inspired by the shape and special ar-
rangement of teleost fish scales is designed and mathematically modeled in
which the stiffness is adjustable through tendon driven actuation, as a way
for active modulation of the normal force on the jammed scales, and use of
a thermoactive stiffness tunable polymer, as a means for regulating the inter-
scale interaction. The presented tendon driven design is the first and only
jamming enable design that presents a very small hysteresis in the full return
cycle. The thermoactive design provides the most comprehensive control over
local and directional stiffness available for continuum manipulators. Notable
increase in the stiffness range, shape locking ability, large bending and elon-
gation deformation, and easy integration on different manipulator designs are
the advantages of the presented jamming interface compared to the previous
research.
• For the first time, a two step model is presented for the integration of a stiff-
ness control mechanism on a continuum manipulator and a piecewise model
is derived for the equivalent stiffness of a jamming media, valid for the full
return actuation cycle.
• The novel concept of morphological observer is introduced where the estimat-
ing computer model in a traditional observer architecture is substituted with
the morphological computational power of a fully monitored physical replica
of the actual system. For the first time in continuum robotic research and
by relating the mathematical terms in the presented analytical model with
the real morphology of a continuum manipulator, a decentralized morpholog-
ical approach is presented to regulate the regional stiffness of a continuum
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1.6 Thesis Structure
The structure of this thesis and how it is done toward our main objectives are
summarized in Fig. 1.9 and below.
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• Chapter 1 presents the overall scope of this thesis, state of the art and
current technologies and findings related to the framework of this thesis. The
motivations, objectives, and contributions are summarized.
• Chapter 2 presents a comparative study of five main methods in the liter-
ature for kinematic, static and dynamic modeling of continuum manipulators
in comparison with experiments, in order to clarify their methodological dif-
ferences.
• Chapter 3 presents a comprehensive insight into exact modeling of compound
continuum manipulators with braided actuators. It introduces the bending ef-
fect in the model of a braided extensile pneumatic actuator. Then, the effect of
the manipulator cross-section deformation modeling accuracy is investigated
using simple analytical results from a novel geometry deformation method
which is useful for the sensitivity analysis based design optimization. A novel
series solution is presented for variable-curvature Cosserat rod static and La-
grangian dynamics of a continuum manipulator, based of which a unified easy
to implement vector formalism is proposed for real-time impedance and config-
uration control of a continuum manipulator with the smallest possible number
of modeling states.
• Chapter 4 investigates the possibility of biological scale jamming based on
experiments on a real fish skin. Inspired by the shape and helical arrangement
of teleost fish scales to control the stiffness of continuum manipulators, the idea
of scale jamming is presented and the effectiveness of three different designs
are investigated through modeling and experiments.
• Chapter 5 presents the design for a 3D-printable thermoactive scale jam-
ming interface with functionally graded joints, as a new way to control a
continuum manipulator dexterity. The interface performance is investigated
through mathematical modeling, comprehensive study of the wax melting pro-
file and empirical forward control relations. A decentralized modeling and
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Figure 1.9: The thesis structure.
control approach is employed based of which a minimalistic central controller
is designed and successfully tested for passive shape adaptation, task space
anisotropic stiffness control and geometrical disturbance compensation and
isolation by integrating the interface on a braided pneumatic continuum ma-
nipulator. The novel concept of morphological observer is presented and tested
in experiments.
• Chapter 6 summarizes all the findings and contributions of this thesis and






Investigations on control and optimization of continuum manipulators have resulted
in a number of kinematic and dynamic modeling approaches each having their own
advantages and limitations in various applications. As the main objective of this
chapter, a comparative study of five main methods in the literature for kinematic,
static and dynamic modeling of continuum manipulators is presented in a unified
mathematical framework. The five widely used methods of Lumped system dy-
namic model, Constant curvature, two-step modified constant curvature, variable
curvature Cosserat rod and beam theory approach, and series solution identification
are re-viewed here with derivation details in order to clarify their methodological
differences. To analyze a stiffness controllable interface integrated on a continuum
manipulator, as the ultimate goal of this research, a general exact solution that
incorporates the structural properties of the manipulator is preferable. Such model
makes it easy to integrate the interface stiffness model with the manipulator model
22
23
and is valid for general loading conditions. To evaluate our objective in this chap-
ter, a comparison between computer simulations and experimental results using a
continuum manipulator with one STIFF-FLOP module is presented to study the
advantages of each modeling method.
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2.1 Introduction on Continuum Manipulator Mod-
eling
taking inspiration from biological examples such as the octopus arms, chameleon
tongues and elephant trunks, researchers are looking into the possibility of repli-
cating similar maneuverability and grasping characteristics by harnessing the cor-
responding hyper-redundancy demonstrated in nature [89]. The class of continuum
robots promises considerable performance improvements in different areas which
currently witness the presence of traditional robots, such as surgical applications,
underwater manipulation and inspection, etc. [90, 4, 42]. Real-time accurate mod-
eling, observation and controller design, suitable for this class of manipulators, are
shown to be complex and challenging tasks due to their high dexterity and deforma-
bility [20].
A Continuum manipulator model is described using a general kinematic map for
the deformation-configuration relation and a robot-specific mechanical map for the
loads-deformation relation. The Constant curvature (CC) model, which is the most
common assumptions in continuum robotic research, simplifies the kinematics of a
continuum manipulator by expressing the backbone deformation as a planar CC
profile [20]. Although being commonly used as a simplifying assumption, the CC
assumption suffers from local singularities around the straight configuration and low
accuracy in the presence of significant body and external loads. Variable curvature
(VC) [74, 91] and identification based series-solutions [92] provide more accurate
singularity free kinematic maps. The dynamic models introduced in the literature
to provide a better modeling accuracy can be categorized into six groups, a com-
parative study of which in comparison with experiments is presented in this chapter
[84]. 1) Lumped system Lagrange dynamics with discrete VC kinematics, similar
to a series rigid link mechanism, where a series of finite or infinite number of rigid
disks are interconnected using compliant joints [93]. 2) Euler-Bernoulli (EB) beam
2.1. Introduction on Continuum Manipulator Modeling 25
mechanics with CC [94] or discrete VC kinematics [95]. 3) Continuum form of La-
grange dynamics [92, 96] or the Principle of Virtual Work (PVW) [85, 82] using
CC, continuous VC or series-solutions as kinematic maps, where the kinematic map
parameters are the dynamic model states. 4) Cosserat rod model [74, 11] and beam
theory method, as a simplified version of that [82], which result in a boundary value
problem (BVP) to be solved using numerical optimization methods [74, 75]. 5) ap-
proximate identification based series-solutions where coefficients of a simple [97] or
complex [25] series solution are identified using experimental results to construct a
hardware-specific model. 6) Numerical finite element methods for the manipulator
mechanics and VC kinematics using EB [98] or Galerkin weak-form series-solution
[99].
Simple but less accurate predictions can be made by models based on constant cur-
vature assumptions and be used as a reference for model-based learning, control and
observation of continuum manipulators. A simple model enhances the accuracy,
generality and identification time, especially in medical applications where observa-
tions are limited and less reliable due to limited sensory equipment in the confined
space of many surgeries, lack of accessibility and general uncertainties related to
sensing of a soft tissue [100]. The identification based models are more accurate
and computationally efficient; however, their validity is limited to their experiment
conditions, external loads, input values and training data set [25, 92]. Besides, they
do not account for the structural characteristics necessary for dealing with unknown
conditions and design optimization. On the other hand, the lumped system and
Cosserat rod models provide a general solution, but not suitable for control design
due to high computational cost and large number of modeling states. Use of series-
solution based models for identification of kinematic map by Godage [92] have shown
to be real-time but with a complex hard to interpret shape function and limitations
related to identification based methods. Series-solution based Galerkin method for
static modeling of complex deformation in a discretized finite element domain by
Tunay [99] is accurate and comprehensive, but with a complex shape function and
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Figure 2.1: A review on modeling methods for continuum manipulators, (a) iden-
tification based series solution with appropriate choice of shape functions [75], (b)
using constant curvature and Euler-Bernoulli beam method [94], (c) finite element
model based on Galerkin method [99], (d) lumped system method [101], (e) Cosserat
rod method [74], (f) real-time finite element solution [102].
limitations related to finite element and Cosserat rod method.
Accuracy of these methods is compared based on their forward control performance
and a feedback term, such as PID, should be considered in the controller design to
deal with real working disturbances and setup uncertainties. The large modeling
state space results in difficulties with impedance observation and control which are
essential for safe surgical, inspection and human-robot interaction applications. A
review on different modeling methods for continuum manipulators is presented in
2.1.
In this chapter, a comparative study between five modeling approaches for kinematic,
static and dynamic modeling of a continuum manipulator is presented and their
accuracy, advantages and limitations are discussed in comparison to experimental
results using a STIFF-FLOP continuum actuator module [26, 15] (EXP.1-3). In
the process; simple mathematic derivation of the manipulator deformation energy
for the body and braided actuator chambers and mechanical maps based on Neo-
Hookean (NH) assumptions are discussed; a comparison between different models for
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a braided extensile pneumatic actuator is presented and a novel tow-step modified
solution is presented based on CC kinematics and Castigliano’s method for beam
deflections to enable using of CC assumption in the presence of high body and
external loading.
The experiment procedure and hardware design are discussed in section 1.2. In
section 2.2 a review of derivation and implementation of the five modelling methods
for continuum manipulators (Lumped system dynamic model, CC, two-step modified
CC, VC Cosserat rod and beam theory approach, and series solution identification)
are presented. The models’ applications are discussed based on our simulation result
performance and accuracy in section 2.3 followed by conclusions and discussions.
2.2 Manipulator Modeling Framework
The continuum manipulator modeling problem is reduced to modeling general defor-
mation (elongation, bending and torsion) of a hyper-elastic holow cylinder (tube).
The spatial configuration of a continuum manipulator (ρ) as the system control out-
puts can be derived based on CC or VC kinematics. This general map can be used
as the system control model by relating the actuator pneumatic chambers length (lp)
and manipulator tip position and orientation (ρtip); however, a more precise model
should consider the mechanical properties of the manipulator too [74]. Slenderness
and softness of most continuum manipulators make external and body forces im-
portant in the modeling of their behavior. Body specific static and dynamic map
(fS) are used to relate these loads with the parameters of a continuum manipulator
general kinematic map (fG), which are discussed in this section.
The absolute error is defined as the difference in the length of the tip position
vector in simulation and experiments and the error is the ratio of the error to the
experimental value of the tip position vector length. A reference error is defined
as the ratio of the absolute error to the manipulator initial length (l) to make
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our results comparable with other similar research. Experimental conditions and
inputs are used in the simulations where Matlab functions such as ”fsolve”, ”ode113”
and ”fmincon” are used for direct single shooting optimization, time integration
and parameter identification. Trapezoidal numerical method is used for numerical
integration as needed.
2.2.1 Mechanical Effect of Cross-Section Highly Elasticity









− r4c1 − 6r2p1), Jdˆ1 = 2Jo − 6apr2o,
Jdˆ2|dˆ3 = Jo − 2aprTJdˆ2|dˆ3 .rJdˆ2|dˆ3 ,
where (dˆ2, dˆ1dˆ3) is the local frame directors with dˆ1 along the module axis and
dˆ2 places the first pneumatic chamber (Fig. 2.9),ap = pir
2
p1 is the pressure chamber
cross-section area, rJdˆ2|dˆ3 = ro[S|C(0), S|C(2pi/3), S|C(−2pi/3)]T, rc1|2 is the module cross-
section inner—outer radius, rp1|2 is the pneumatic chamber inner—outer radius, ro
is the pressure chamber placing radius and S|C(x) = sin | cos(x).
For an incompressible media we have
∏3
i=1 λi = 1, where λi is the Cauchy-Green
principle stretches (the stretch in the i principle direction) [74]. To satisfy incom-
pressibility criteria, a homogeneous incompressible material in uniaxial elongation
with axial stretch λl, experiences planar deformations with lateral strains, in Carte-
sian coordinates, and radial and circumferential strains, in cylindrical coordinates,
equal to 1/
√
λ. To incorporate the mechanical effect of the manipulator highly
elastic deformation, we assume a symmetric uni-axial deformation for the incom-
pressible material to update deformed cross-section radius (r), area (a) and moment
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of inertia or second moment of area (J) as
rd = r/
√
λl, ad = a/λl, Jd = J/λ
2
l , (2.2)
where λl = ld/l is the axial stretch, l is the module initial length and the deformed
state is shown by subscript ( d) [103].
2.2.2 Equivalent Lumped System Model
Discrete Variable Curvature Kinematics
A continuum manipulator can be assumed as a highly articulated rigid link system
with an infinite number of disks connected through spring-damper supported spher-
ical joints [6], [17] (Fig. 2.2). We used an axial transformation (ρr) followed by a
3-2-1 Euler angle set (η, ζ, ξ) to relate the consecutive joints,
Rri = Rz (ηi) .Ry (ζi) .Rx (ξi)→ Γri =
 Rri ρri
0 1







where Ra is the rotation matrix around a axis in the local frame, Γ is the transfor-
mation matrix, subscript (r) denotes the relative rotation matrix between each two
disks, i denotes the disk number and j is a general numerator. Center of masses
(COM) position vector (ρi = Γiρri/2) assuing the COM to be at the middle of each
segment length (ρri), linear velocity (ρi,t) and angular velocity ([ωi]× = Ri,t.R
T
i ) in
Cartesian coordinates and w.r.t the spatial frame can be found afterward. [ω]× is the
skew-symmetric matrix of the vector ω and subscript comma (,) means derivative
w.r.t. the following parameters. The axial linear transformation and Euler angle
rotations of all joints can be assumed to be equal to model a uniformly deforming
link [104] while assuming separate free DOFs results in a discrete VC kinematic
model.
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Figure 2.2: Lumped system model diagram.
Joints rotational and linear stiffness (kt|r) and damping (µt|r) values can be identified
from experimental results or can be derived using deformation energy of elastic
material [93]. We left these two values to be constant as in Table 1.1. Cross-
sectional deformation can be considered as a change in the inertia and diameter of
the rigid links.
Discrete Lagrange Dynamic Model
Having the stiffness values and the gravitational potential energy function based
on the initial shape of the manipulator, principle of virtual work (PVW) in static
case and Lagrange method in the dynamic case can be used to model the system
mechanics [93]. A high DOF Boundary Value Problem (BVP) is formed in the
static case and can be solved by a numerical optimization method. The dynamic
equations are more efficient to be solved using a forward Runge-Kutta numerical in-
tegration method. A matrix form of equation of motion (EOM) using TMT method
is presented to derive the dynamic model [87]. TMT method is a simple and clear
approach which eliminates the highest order derivatives in each step and results in
a simplified matrix form for unconstrained Lagrange EOM, ideal for numerical sim-
ulation of large complex dynamic systems. The general form ofthe TMT method is




ρi . . .
]T
[3nm×1]
, ωi = ω¯iq,t, (2.4)
M = diag
[
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+ fq, M¯q,tt = dEOM
where q = [ρri, ηi, ζi, ξi] is the generalized state vector with initial value q0 =
[l/ni, 0, 0, 0] at a straight undeformed configuration, T is the transformation ma-
trix for links COM position and orientation vector of a multibody system in terms
of generalized coordinates, M is the systems mass and inertia matrix, bi and Jmi
are the ith link mass and inertia matrices, d is the vector of velocity dependent in-
ertial terms, fg and fq are the external conservative and non-conservative forces in
Cartesian (i.e. gravitational forced) and joint space (i.e. joint inputs) respectively,
nm is the number of bodies, nq is the number of states, ni is the number of segments
and µt|r is the joint transnational and rotational viscous damping coefficients. ω¯i
is a 3 × nq coefficient matrix derived by collecting q,t elements in ωi. The actuator
forces are considered as concentrated force and torque acting uniformly on all DOFs.
The translational and rotational stiffness are found from EB relation for each seg-
ment and by considering a symmetric deformation for the cross-section assuming
an incompressible beam, kt = niEac/ (λ
2
l l) and kr = niEJdˆ1/ (λ
3
l l), where E is the
modules of elasticity, λl = Σ
ni
i=1λli is the manipulator total axial elongation and
λli = niρri/l is the axial elongation of each segment.
We used AutoTMTDyn, a software package in Matlab programming language that
drives the TMT vector form of the Lagrange EOM using simple inputs about the
kinematics of the system [87], to simulate a three-segment lumped model of a STIFF-
FLOP manipulator module (Fig. 2.2). A sample input code for planar motion is
presented in Fig. 2.3. The model can capture transient behavior of the manipulator
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 Algorithm. 1. Sample “AutoTMTDyn” input code for lumped model of planar 
motion 
 body(i).type = 'rigid'; Body type for the ith disk 
body(i).m = mb/n; ith disk mass, n: number of disks 
body(i).I = Ib/n; ith disk length  
body(i).l_com = [ 0 0 l/(2n) ]; ith disk COM position 
joint(i).first = i-1; First body of the ith joint 
joint(i).second = i; Second body of the ith joint 
joint(i).tr(1).trans = [ 0 0 Ib/n ]; First translation of the ith joint 
joint(i).tr(1).rot = [ 0 0 ];  First rotation of the ith joint 
joint(i).tr(2).trans = [ 0 0 inf ];  Second translation of the ith joint, 
                                                       inf: set for free DOFs 
joint(i).tr(2).rot = [ 2 inf ]; Second translation of the ith joint 
joint(i).dof(1).init = 0; Initial condition for the first DOF 
joint(i).dof(2).init = 1e-5; Initial condition of the second DOF 
joint(i).dof(1).spring = [ kt, 0 ]; Spring coeff. & initial length for the first DOF 
joint(i).dof(1).damp = [𝛍t, 0 ]; Viscous & Coulomb damping for the first DOF 
joint(i).dof(1).spring = [ kr, 0 ]; Spring coeff. & initial length for the second DOF 
joint(i).dof(1).damp = [𝛍r, 0 ]; Viscous & Coulomb damping for the second DOF 
exload(1).body = n; Reference body where the external load is exerted 
exload(1).tr(1).trans = [ 0 0 l/n ]; External load relative position 
exload(1).tr(1).rot = [ 0 0 ]; External load relative orientation 
   
   
   
 
Figure 2.3: Sample AutoTMTDyn input code for one disk in the lumped model for
a continuum manipulator with planar motion.
with high accuracy and good performance [93]. Despite the static models, the
role of proper identification or modeling of the damping coefficient is important to
capture an accurate dynamic model for the system. The model may become unstable
and hard to simulate for higher number of links without the uniform deformation
assumption; however, shows to be accurate even for a small number of DOFs. The
forward dynamics of the system is easier to solve. Thus, this method is suitable
for dynamic control design purpose using traditional control theories for rigid body
systems. Although some structural characteristics of the system is considered in the
modeling procedure, this method cannot provide a detailed insight in the effect of
the manipulator material property for structural design and optimization purposes.
Simulation results are presented in Fig. 2.4, showing 22% mean error compared to
the dynamic experimental results of EXP.3-I.
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Figure 2.4: Lumped system dynamic model results for a model with three rigid links
and independent joints compared to the experimental results of EXP.3-I.
2.2.3 Constant Curvature Kinematics and Mechanics
Constant Curvature Kinematics As The System Model
The kinematics of a continuum manipulator used herein is a geometric map for n
modules (fG) between the CC state parameters and the manipulator spatial orien-
tation, usually in Cartesian coordinates. As the most common used model for the
kinematic representation, the manipulator is considered as a continuous CC curve
as in Fig. 2.5 [20]. We start with the constant curvature assumption shown in
Figure 2.5 where the manipulator backbone geometry in Cartesian coordinates is
given based on the curvature parameters ([κ, φ, ld] ,) as the system states, where
κ = 1/rκ, ld is the central axis length, κ is the curvature and φ is polar orienta-
tion angle. This map is expressed in terms of a set of transformations given by































where Ry(−φ) is added to correct the final cross-section orientation, because the mod-
ule does not actually twist but bends in the direction specified by φ (Fig. 2.5). The
transformation vector of a point on the backbone with axial location s of the ith mod-








from which the position vector (ρ(s)) and orientation matrix (R(s)) can be found.
For the backbone curve length of the pneumatic chambers (lpd), in a module with














This map suffers from inherent singularity for κ = 0. An effective method to over-
come this singularity is using lpd as the system states in the differential inversion
method to find the system model [20, 92]. fS maps the input parameters space (ac-
tuator lengths (lpd) for hydraulic and tendon driven models) to curvature parameters












+ l2p3d − lp1dlp2d − lp1dlp3d − lp2dlp3d
)
/ (rod (lp1d + lp2d + lp3d))
ld = (lp1d + lp2d + lp3d)/3
(2.9)
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Figure 2.5: Parameters for uniaxial elongation of a pneumatic actuator and constant
curvature elongation-bending of a module body shell. Prameters are defined in Table
1.1.
Euler-Bernoulli Beam Model
For pneumatic actuators, a second step is needed to find fS and map the pressure in-
puts to actuator curvature parameters. A simple model can be derived by assuming
the manipulator deformation, as superposition of the elongation and bending of an
EB beam in the φ direction, due to the static balance between the axial force (fEB)
and bending moment (τEB) of the actuators at the tip, external and the body loads.
The axial elongation is λl = 1 + fEB/ (Eac) or more precisely by considering the
cross-section symmetric deformation of an incompressible material and solving for
λl in λl = 1 + fEBλ
2
l / (Eac), as explained later. The curvature is κ = τEB/EJφκ or
more precisely κ = τEBλ
2
l /EJφκ , by considering the cross-section deformation after




(ψ)Jdˆ3 is the second moment of area around the bend-
ing axis. The simulation results assuming a fixed cross-section for the pneumatic
chambers in comparison to experiments with body loads (EXP.3-I) is presented in
Fig. 2.8.
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Principle of Virtual Work for Compound Structures
Among all possible changes in the states of a system, the system follows the one set
that minimizes the system action (w). This is known as the principle of virtual work
or the principle of least action, which can be used to derive the system’s equations
of motion (EOM). The summation of all the virtual works in the system maintains
an equilibrium described as
∑
iwi,q = 0. In the case of STIFF-FLOP manipulator
we have
wL,q + wb,q + wc,q + wpt,q + wp,q = 0, (2.10)
where w,q = fρd,q is for the point loads (i.e. external loads (wL,q), body and inertial
loads (wb,q)) and w,q =
∫
V
U,qdV is for 3D distributed energy fields (i.e. body (wc,q)
and pneumatic chamber (wpt,q) shell deformation energy, air pressure work (wp,q)),
where U is the unit deformation action and V is the material initial volume [105].
Body loads are distributed forces and moments on the body unit volume, such as the
body weight. The body load action can be found by integrating the gravitational
unit action over the initial volume as wb,q =
∫
V
σgρ(s),qdV . It can also be calculated
based on the virtual displacement of the load’s center of distribution (center of mass
(COM) in the case of the weight). Neglecting the deformation of the manipulator
cross-section and considering the constant curvature assumption, the COM position
vector of the ith module is found from the post-multiplication of the traversing
modules transformation matrices (T (κ, φ, ld)), a rotation mapping to the bending
















Then, for the action we have wb,q =
ns∑
i=1
gσaciliρi,q, where ns is the number of mod-
ules in a multi-segment continuum manipulator. The summation of action for the
external loads (fL) acting at the position sL) is wL,q =
nL∑
j=1
fLjρ(sL),q, where nL is
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piVpdi,q where Vpd is the pressure chamber volume in the deformed state
which is equal to the inner volume of the pneumatic chambers as Vpdi = apdilpdi.
The pneumatic chamber deformation is constrained with the helical braids and the
incompressibility of their shell. Next, we need to derive deformation action due to
the elasticity of the module body and actuator chamber shells.
Braided Pneumatic Actuator Exact Mechanics
In the case of the well-known ”OCT-Arm” series of continuum robots [14, 74] where
the modules are created from actuators without a supporting shell, a map between
the actuator pressure and elongation in combination with Eq. 2.9 can improve
the modeling accuracy in prediction of the CC parameters [79, 74]. For pneumatic
braided extensible actuators an analytical solutions is presented based on PVW work
(
∑







) [85, 82, 74], where w is the action. The PVW for a
chamber is wpt,λlp +wp,λlp = 0, where wpt,λlp = Upt,λlpaptlp is the pneumatic chamber
body deformation action, wp,λlp = pVpd,λlp and Vpd = lpdapd is the total air pressure
action, λlp is considered as the only system state and apt = pi(r
2
p2 − r2p1) is the
pneumatic chamber shell thickness area. This can be solved for p = f−1S (q) by
finding a relation between the principle stretches (λpi) for the pneumatic chamber in
a cylindrical coordinates. Braid geometrical constraint is used to find this relation.
The most famous model to incorporate the braiding effect, used by Trivedi for
the first time for continuum manipulators, assumes the outer radius of a constant





C2(γ) = 1, where λrp is the radial stretch in a cylindrical coordinates
and γ is the braid initial lead angle [74, 76]. Trivedi’s presentation of this formula
in his paper, [74], has some typographical errors which are corrected here. For a
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single pneumatic actuator chamber we have
p =
E(rp2
2 − rp12)(λ2lp − 1)
6λlp
4rp12(1− λlp2C(γ)2)3
(λ6lp(−2S(γ)6 + 5S(γ)4 − 4S(γ)2 + 1) + (2.12)
λ4lp(7S(γ)
6 − 16S(γ)4 + 11S(γ)2 − 2) + λ2lp(7S(γ)6 − 4S(γ)4 − 3S(γ)2 + 1) + 3S(γ)4).
Braided Pneumatic Actuator Simplified Mechanics
For a dense threaded chamber, as in most actuators of this type, where γ ≈ pi/2 and
the chamber deformation does not change γ significantly, the thread helix radius
change becomes negligible (λrp ≈ 1, rthd ≈ rth → rp2d ≈ rp2) and the Eq. 2.12
simplifies to
p = E(rp2
2 − rp12)(λ2lp − 1)(λ2lp + 3)/6λ4lprp12, (2.13)
where the braiding is on the outer surface of the chamber and subscript( th) is
used for thread parameters. An even simpler model is possible to drive by as-
suming independent mechanics for the pneumatic chamber and the manipulator
body. A dense thread constraint is assumed on the inner surface of the pneu-





. Here, we neglect that the outer radius of the chamber shrinks
as the actuator extends. Instead, the NH model suggests that the deformation en-
ergy of the incompressible body shell in an unconstrained uniaxial elongation is
wpt = Eaplp
(
λ2lp + 2/λlp − 3
)
/6 [103]. By superposing the results based on PVW,




/ (3ap). A comparison between
the results of these methods with results of EXP.1 is presented in Fig. 2.7. The fig-
ure shows the good accuracy of the inner dense thread model in predicting the values
and overall behavior of the actuator for E =105 [KPa]. The helix exact elongating
and dense thread models can replicate the same result with slightly different overall
behavior for E =205 [Kpa] [74]. We will observe, in the next chapter, that this
difference in the identified value for E is due to neglecting the exact cross-section
deformation in the dense inner braid model.
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Figure 2.6: Comparison of different models for a braided pneumatic chamber with
experimental results of EXP.1 for Ep =100 [KPa]. Ep is the chamber body elasticity
modulus.
Geometry Deformation Model for Compound Structures
A supporting body shell is usually used to prevent the actuator chambers from
bulking, i.e. STIFF-FLOP [26, 15]. A more accurate model can be derived by
considering the compound structure consisting of the body shell (wc) and braided
actuators (wp and wpt). In this case, fS need to be derived by considering the body
deformation action (wc) in Eq. 2.10. An accurate but complex solution is a general








λl(1− λ3l ))/(1− 2κx
√
λl), (2.14)
where the exact cross-section deformation for elongation-bending of the body and
actuator chamber shell are modeled. Simulation results in comparison to experi-
ments for a STIFF-FLOP manipulator section are presented in Fig. 2.8. The model
has an average of 28% error mainly because of CC assumption errors; however, it
increases the model accuracy by 3% compared to a simple EB beam method.
Simple Compound Model
In a simple model similar to the simple model for a braided pneumatic chamber
with dense thread, wpt,λl , the bending deformation action and the interaction of













Figure 2.7: Two-step modified CC (MD) model diagram.
the braids with the module body are neglected. Then, from NH assumption and
assuming a simple uniaxial elongation, we have wc,λl = Eacl (λ
2
l + 2/λl − 3) /6 and
wpλl = Σ
3
i=1(piVpid,λl), where Vp = lpap and λl is considered as the only system
state. This model is a combination of the simple NH model for the module body
and inner dense thread model for the pneumatic chambers. A careful choice of the
combination of models for the actuator and body shell is important to achieve the
best accuracy as well as comprehensiveness. The simulation results for the forward
model are compared to the experimental results of EXP.3-I. We observed, 28% error
for the general GD method and fix cross-section actuator (fix r), 31% for the EB
model with fix cross-section actuator, and 28% for the NH symmetric elongation (NH
sym.) model with extensile braided actuator (elong. helix). This shows 3% increase
in the accuracy of compound models as well as their comprehensive modeling ability
(Fig. 2.8). The inner dense thread method is used to model the STIFF-FLOP
manipulator using CC approach in the next sections, because of simplicity.
2.2.4 Two-Step Modified Constant Curvature Model
To compensate high modeling errors related to CC assumption, Mahvash et. al.
used a two-step approximate model where the CC kinematic map is used to model
an eccentric tube catheter with no external and negligible body loading. Then, a
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modified mechanical map based on Beam Theory is used to model the deflections
from the CC geometry due to external and body loading [106]. Here, we investigate
a similar solution for continuum manipulators. Any change in the input pressures or
actuator lengths results in a CC geometry. Then the resulted curved beam undergoes
small deformations due to body and external loads, based on the EB beam model
(Fig. 2.7). Castigliano’s method for a linear-elastic structures is used [107] to find
an analytical solution for the modifying deformation at the tip and the middle of
the manipulator. For the load distribution along a CC geometry we have
fdˆ1(θ) =
(
















θ − θκ + S(θκ−θ)





C( θκ) − C(θ)
)
+ τLkˆ + ρfLiˆ
(




bg − fbjˆ ld
)
(S(θκ) − S(θ) + (θ − θκ) C(θ)))/ld
+ r2κfbiˆ
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where the shear strains are neglected, rκ = 1/κ, θκ = ld/κ, (ˆi, jˆ, kˆ) is the directors
for the inertial Cartesian frame ((x, y, z)) and G is the shear module. A correction
factor (AMD = 0.01) is used for the forces in dˆ1 direction in calculating τdˆ3(θ) to adjust
for the change in the moment arm in the static equilibrium compared to the initial
CC configuration. This value should be identified for each loading condition from
experiments. While this is a limiting factor, without AMD, the formula results in a
large error if the loading condition in the CC initial state is considerably different
with the final equilibrium state. The final tip deflection from the CC geometry
we have, δiˆ = wc,fL
iˆ
, δjˆ = wc,fL
jˆ
, δkˆ = wc,fL
kˆ
which can be derived analytically, not
presented here due to the limitation of space. The actuator forces are not mentioned
as they have been considered to find the initial CC geometry. The modified model
improves the accuracy by %1 for all the CC models to preserves the accuracy of




































exp. EB fix r (MD) EB fix r (CC) NH sym. & elong. helix (CC) GD general & fix r (CC)
Figure 2.8: Simulation results for Constant Curvature (CC) and two-step modified
Constant Curvature (MD) models compared to results from EXP.3-I.
CC model in the presence of small external and body forces (Fig. 2.8). However,
this modification is not enough for a precise controller design. CC based models
suffer from inaccuracy in presence of external and body forces and singularity at the
straight configuration. However, they provide a simple solution to the continuous
behavior of the manipulators; hence, being used for real-time or simple path planning
and control applications [20]. Using PVW or the introduced two-step modified model
enables this method to preserve its accuracy in the presence of small body and
external loads and to account for the structural characteristics of the manipulator
which helps with the design optimization problems [85, 82]. Lagrange method can
be used for dynamic modeling of a continuum manipulator with CC assumption
which the same singularities and accuracy problems.
2.2.5 Variable Curvature Kinematics and Mechanics
The VC model assumes the backbone consisting of a series of infinitesimal CC
curves to improve the backbone deformation model as the most important factor
in increasing the manipulator modeling accuracy [108, 74, 107, 91]. Besides, CC
model does not account for the material twist due to any off-plan load which can be
modeled in a VC framework.
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Variable Curvature Kinematics
The VC kinematics use curvilinear frames, [dˆ2, dˆ1, dˆ3] for cross-section physical
frame or [nˆ, tˆ, bˆ] for Frenet− Serret frame (Fig. 2.9), to represent the continuum
manipulator backbone as a series of infinitesimal CC curves [91, 11, 74]. VC Kine-
matics present the relation between the physical curvilinear coordinates ([dˆ2, dˆ1, dˆ3])
and the curve spatial configuration (ρ) expressed in inertial Cartesian coordinates
([ˆi, jˆ, kˆ]). The physical frame [dˆ2, dˆ1, dˆ3], where dˆ1 is tangent to the backbone and
dˆ2 is alongside the first air pressure chamber, is used in the forward VC kinematics.
A 3× 3 rotation matrix (R) relates the local linear strain in the physical curvilinear
coordinates (v) to the spatial derivative of the manipulator geometry in the inertial
Cartesian coordinates (ρ,s) as
ρ,s = Rv + dˆ1 = R(v + [0, 1, 0]
T). (2.16)
The spatial derivative of R is found based on the local curvatures and torsion (u)
R,s = R [u]×, (2.17)
and the angular velocity of each element is [ω]× = R,tR, where [ ]× is an operator
to create a skew symmetric matrix. The curvilinear and Cartesian coordinates are
aligned at the manipulator base (s = 0) where ρ0 = 0, R0 = I and I is a 3× 3 unit
matrix.
Cosserat Rod Method
The Cosserat rod model derives the equilibrium between the forces in an infinitesimal
element of a continuum media using a free body diagram as in Fig. 2.9 and expressed
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in the inertial frame [91]
n,s + fb = σacdρ,tt (2.18)
m,s + ρ,s × n+ τb = Jmdω,t,
where fb and τb are the uniform distributed force and torque on the element, σ
is the material density and ω is the element angular velocity. The time-dependent
acceleration terms (ρ,tt and ω,t) are zero in a static model. Hooke’s law for the linear
stress-strain relation is used to relate the spatial derivative of the element boundary
force (n,s) and moment (m,s) to [v, u] as
n = Kvv, m = Kuu, (2.19)
where Kv = diag(ac[G,E,G]) and Ku = diag([EJdˆ2 , GJdˆ1 , EJdˆ3 ]) are diagonal stiff-
ness matrices in the physical curvilinear frame. Substituting Eq. (2.18) in (2.19)
and rearranging to find v,s and u,s as a function of the loads, results in a static
mechanical map [91] for which a simple derivation for the planar case is presented
in [74].
To integrate the BVP formed by combining the static and kinematics map (Eq.
(2.16-2.19)) over time and space, the initial boundary values for the system states
(u , v , ρ , R) are needed. Initial values for ρ and R are known at the manipulator
base (s = 0), while u and v are known at the tip (s = l). A numerical solver can be
used to find initial boundary values in the equilibrium point at one of manipulator
ends. Alternatively, a discrete finite element approach can be used to solve a large
algebraic equation for all the elements’ states at once. Duriez presented a real-
time approach for this problem using the sparse format of the coefficient matrices
[98]. Both methods are not suitable for control and design purposes due to high
computational cost.
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Figure 2.9: Variable curvature kinematics and the Cosserat model free body diagram
for one element. [dˆ2, dˆ1, dˆ3] is the physical, [nˆ, tˆ, bˆ] is the Frenet− Serret and [x, y, z]
is the inertial frame. Subscript Ltip, L and b are for the tip load, general external
load and body load respectively.
Beam Theory Approach
Beam theory method is a simpler approach based on the resultant stresses due to
the loads at each element which results in the same equations as the Cosserat rod










RT. (τb + τL) + τp
)
,
where fL is the external load exerting at s = sL, sL > s, fb = σac(l−s)gjˆ is the body
weight load, fp = papd .[0, 1, 0]










dε× gjˆ is the body weight moment,
τp = papd .[rJdˆ2 , 0, rJdˆ3 ]d is the pneumatic pressure moment and λdˆ1,s = vdˆ1 + 1. vdˆ1
from the previous integration step is used in λdˆ1,s to prevent added nonlinearity to
the equations. λdˆ1,s is used in Eq. (2.2) to update the change in planar dimensions
of each element due to the highly elastic deformation. The downside of the beam
theory approach is that we need to guess the equilibrium geometry to find the cross-
sections’ load, compared to the Cosserat rod model where only the initial boundary
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values are needed. However, it is suitable for the forward spatial and time integration
using an approximate series-solution. In the equilibrium state, the geometry found
from the forward kinematic map (ρ) should mach the guessed geometry (ρ∗), used
for the inverse kinematic in the mechanical map (ρ ≈ ρ∗).
Single Shooting Optimization Based Solution
We can approximate the solution for the BVP with a series of finite terms, i.e. a
polynomial of order n as a function of s, and investigating the equilibrium condition.
This is considered as a special case of separation of variable method for Partial
Differential Equation (PDE) systems that provides a weak form solution. The terms
are consisting of separate space dependent shape functions and time dependent
coefficients where the time dependent part is constant in static cases. The constants
are being optimized so the guessed series solution represents the static equilibrium
of the system. We fit a curve to seven points using Matlab ’interp1’ function and
then use Matlab ’fsolve’ function for optimization of these points positions in the
plane starting from a straight configuration as the initial guess. The algorithm
usually needs only two trials to find the equilibrium configuration for a single-curve
formation and three trials for a double-curve formation, i.e. in presence of high
external force showing the possibility of real-time implementation of this method.
A similar result can be achieved by having a polynomial of order at least three to
model the ’S’ shape configuration of a single module under high external loads with
good accuracy (EXP.2). Similar to observations in the previous research [109], the
overall accuracy of the Cosserat rod model is about 16% better than the CC models
with a 12% mean error (Fig. 2.10) in comparison to our experimental results with
extensive external loads (EXP.2). Different optimization Iterations are presented in
Fig. 2.11. It is relatively hard to model the dynamics of a system using Cosserat
and beam theory methods; however, they are the best in terms of accuracy to find
the manipulator static equilibrium configuration with general loading conditions.
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Figure 2.10: Cosserat/beam theory model results vs. experiments with extensive
external loads (EXP.2).
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Figure 2.11: Optimization iterations for Cosserat/beam rod model.
2.2.6 Identification Based Series Solutions
Coefficients of a series solution can be identified based on the experimental results
[92, 97]. Godage presented an identification based Taylor series solution for the
kinematic map of a continuum manipulator (the relation between actuator chamber
length and manipulator geometry) and later implemented the resulted identified so-
lution in the Lagrange EOM for dynamic modeling of a continuum manipulator [92].
The spatial geometry is described using a time-dependent coefficient vector (Υ(t))
and a shape function matrix (Ψ(s)) as ρ(s,t) = [x(s,t), y(s,t), z(s,t)] = Ψ(s)Υ(t), where
∈ [0, 1] is a scalar variable defining the position of each point on the manipulator
axis with 0 for the base and 1 for the tip. The final model can be as simple as
a polynomial of order five [92]. Godage used three equations each with 56 shape
functions of the form A1l
A2sA3+1R−A3 , where A1, A2 and A3 are integers to be iden-
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tified based on optimization, A1 & A2 ∈ [0, 1] and A3 ∈ [0, 5] [92]. Choice of the
shape function and time-dependent coefficient can be based on observation, guessed
solution or completely arbitrary. Similar to other weak approximation solutions,
they should satisfy the boundary and initial conditions and the convergence should
be investigated for increasing the number of terms. Here, we introduce a simple se-
ries with eight time dependent coefficients (Cij) to be identified using Least Square
Value optimization as,
Ψ(s) = C3×8.diag[s, s, s, s, s2, s2, s2, s3] (2.21)
where Υ(t) = [1, lp1d , lp2d , lp3d , lp1dlp2d , lp1dlp3d , lp2dlp3d , lp1dlp2dlp3d ]
T is for a system
with kinematic inputs and Υ(t) = [1, p1, p2, p3, p1p2, p1p3, p2p3, p1p2p3]
T is for a system
with pressure inputs. To satisfy boundary conditions we have [ C11 C21 C31 ] =
[ x0 y0 z0 ]tip. The model trains and performs very fast, suitable for real-time
and precise control purposes in a known condition. The simulation results show
11% mean error which is the most accurate results in predicting the static behavior
of EXP.3-I after being trained with 30% of the experimental points (Fig. 2.12).
However, the accuracy is limited to the condition for which the model is trained
with, and the necessary structural information for design optimization is not in-
corporated in the model. Besides, the complexity of the series solution makes any
further analytical analysis, such as dynamic modeling, controller design and stability
analysis, a hard task. This method can be assumed as a basis for both optimization
and control frameworks.
2.3 Comparison on Manipulator Models
In Table 2.1, a comparison between the different modeling methods is presented
based on the derivation and implementation complexity, the level of structural char-
acteristics in the model, sensitivity to model parameters, computation cost as a
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Figure 2.12: Identification based series solution model results compared to EXP.3-I.
measure of real-time performance, overall accuracy and suggested applications. It
worth mentioning that the information in Table 2.1 is provided based on the fea-
sibility, ease and popularity of the model usage for a specific purpose; however, all
the methods can be used for different purposes after some modification.






















































































































































































































































































































































































































































































































In this chapter, a review on derivation and implementation of five different ap-
proaches for modeling of continuum manipulators is presented. Lumped system dy-
namic model, Constant Curvature, two-step modified Constant Curvature, Variable
Curvature Cosserat rod and Beam Theory approach, and series solution identifi-
cation are derived and the modeling results are compared with experimental data,
with identical conditions, using a STIFF-FLOP continuum manipulator module.
Our study shows the competency of the identification based model in comparison
to the other methods in accuracy (11% mean absolute error) and real-time perfor-
mance.This method is suitable to provide a real-time approximate estimation when
all the experimental conditions are similar to those of the identification training data
set. From a different perspective, we conclude that dynamic behavior prediction and
control method implementation are streamlined in lumped system model with 22%
mean absolute error. This approach makes it easy to design and stability analysis
of a nonlinear control scheme based on traditional rigid body dynamics and control
theory. Different constant curvature models, including its modified version, based
on the principle of virtual work show less accuracy (28-31% mean absolute error)
but the better incorporation of structural characteristics makes them suitable for
structural design optimization purposes. Besides, they are a good candidate for sim-
ple model-based control and observation problems, e.g. in state estimation using a
nonlinear Kalman filter. Finally, the Cosserat rod and beam theory methods provide
an exact model (12% mean absolute error) for general conditions which makes them
the most reliable model for continuum manipulators working in unknown conditions.
However, their implementation complexity and infinite modeling state space make it
hard to use them for planning, control and observation tasks. Furthermore, through
the sections of this chapter, simple mathematical derivations of the manipulator de-
formation energy are discussed; a comparison between different models for a braided
extensile pneumatic actuator is presented and a novel two-step modified Constant
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Curvature solution using Castiglianos method is suggested to simplify the design
optimization, control and path planning problems of continuum manipulators.
However, exact general behavior estimation, simple stable controller design and real-
time performance are needed in most real-world applications. Besides, the model
used for control is better to be used for the manipulator design optimization too, to
be able to guarantee an optimized output behavior from the final product. These
issues prevent the discussed models from effective implementation in real-world engi-
neering scenarios. In the next chapter, we try to address these issues by looking into
exact semi-analytical modeling of a continuum manipulator deformation in general
loading condition by looking into the underlying principles and individual elements






This chapter focuses on the need for a general and comprehensive analytical methods
for exact modeling of multi-segment continuum manipulators, suitable for design
optimization and real-time control applications.
For the first time, we introduce the bending effect in the model of a braided ex-
tensile pneumatic actuator with both stiff and bendable thread. Then, as the first
objective of this chapter, the effect of the manipulator cross-section deformation on
the constant curvature and variable curvature models is investigated using simple
analytical results from a novel geometry deformation method and is compared to
experimental results. We achieve 38% mean reference error simulation accuracy us-
ing our constant curvature model for a braided continuum manipulator in presence
of body load (EXP.3-I) and 10% using our variable curvature model in presence of
extensive external loads (EXP.2). With proper model assumptions and taking to
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account the cross-section deformation, an 7-13% increase in the simulation accuracy
is achieved compared to a fixed cross-section model, based on mean absolute error
value. This statement is valid independent of the manipulator slenderness due to the
hyper elastic behavior of the continuum material. The presented models can be used
for the exact modeling and design optimization of compound continuum manipula-
tors by providing an analytical tool for the sensitivity analysis of the manipulator
performance.
Then, as the second objective of this chapter, to address the challenges with real-time
accurate modeling of this class of manipulators in the presence of significant external
and body loads, we introduce a novel series solution for variable-curvature Cosserat
rod static and Lagrangian dynamic methods. By combining a modified Lagrange
polynomial series solution, based on experimental observations, with Ritz and Ritz-
Galerkin methods, the infinite modeling state space of a continuum manipulator is
minimized to geometrical position of a few number of physical points (in our case
two). As a result, a unified easy to implement vector formalism is proposed for
the nonlinear impedance and configuration control. We showed that by considering
the mechanical effects of highly elastic axial deformation, the model accuracy is
increased up to 6%. The proposed model predicts experimental results with 6-8%
(4-6 [mm]) mean error for the Ritz-Galerkin method in static cases and 16-20% (12-
14 [mm]) mean error for the Ritz method in dynamic cases, in planar (EXP.2) and
general 3D (EXP.3-I) motions. To evaluate our objectives in this chapter, our error
analysis is compared to other five different commonly used models in the literature,
our approximate solution is shown to be more accurate with the smallest possible
number of modeling states and suitable for real-time modeling, observation and
control applications.
The modeling approaches presented in this chapter make it easy to integrate the
model of a stiffness controllable interface with that of the manipulator with an
exact, real-time and general solution for different loading conditions.
3.1. Introduction on Geometry Deformation Approach 55
3.1 Introduction on Geometry Deformation Ap-
proach
The texture and flexibility of soft robots match well with biological properties of
natural actuators. Different mechanisms to control soft robot stiffness for safe inter-
action and minimally invasive applications have gained increasing interest recently.
To this end, stiffness-tuneable structures by granular jamming [62, 110, 60] and low-
melting-point-alloys [50, 48], morphing structures [111], stiffness controllable inter-
faces by granular [37, 112], layer [61] and scale jamming [41, 38] are investigated
recently. The new interest in the continuum manipulators with stiffness varying and
inhomogeneous compound structures indicates the need for further investigation of
their exact modeling and control problems incorporating their complex deforma-
tions.
Any General deformation of a continuum manipulator element is a combination of
a pure rotation due to the backbone curvatures and torsion, and a 3D stretch in
the rotated frame due to the element axial stretch and the cross-section distortion.
The material stretch is responsible for storing or releasing energy due to deforma-
tion while the pure frame rotation doe does not have any contribution. To find the
manipulator continuum material deformation energy, the manipulator cross-section
and axial deformation should be considered. The cross-section of an unconstrained
cylinder deforms uniformly in elongation. To distinguish the bending effect, the
cross-section distortion (asymmetric deformation) is needed to be considered, inde-
pendent of the manipulator slenderness.
In order to achieve comprehensive accuracy as well as computational efficiency, to
constitute a base for modeling manipulators with compound and tuneable stiffness
structure, and to fill the gap between approximate and finite solutions discussed in
the previous chapter, a novel geometry deformation based approach is introduced in
this chapter [85], The presented geometry deformation model is based on a famous
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work by Rivlin on ’The Problem of Flexure’ [113], where he presents a geometrical
approach to derive the strain energy function for an incompressible highly elastic
cube under pure bending with certain geometrical assumptions about the deformed
and initial states. In this chapter, an approximate analytical model for compound
continuum manipulators with pneumatic braided extensor actuators in the presence
of external forces is presented. Utilizing experimental observation of the deformed
system to model the deformation energy of the continuum media, the principle of
virtual work is used to account for the behavior of compound structures. The con-
stant curvature assumption is used for the kinematics of the manipulator backbone
as an initial but not essential assumption. A new method is introduced to model the
pure elongation of pneumatic braided extensile pneumatic actuators using geometry
deformation approach.
In the first section of this chapter, this idea is extended by presenting an exact
yet simpler model for the actuator chamber braid in elongation and bending with
two types of braids, a highly deformable and a stiffer one. A shorter and simpler
derivation method is discussed for deformation energy of the continuum media in
the planar deformation case compared to the model presented in [85]. Then a more
realistic solution without the planar deformation restriction is introduced. Finally,
two comprehensive models for compound manipulators are discussed. First, by using
the principle of virtual energy, Neo-Hookean evaluation of deformation energy and
constant curvature assumption for the backbone deformation. Second, by employing
Variable Curvature kinematics, Hooks linear stress-strain relation and the Cosserat
rod method, as the general approaches and assumption used in literature, for general
bending of an externally loaded continuum manipulator.
Our approach benefits from implementation of compound structure complexities in
the proposed model, i.e. braided chamber and continuum media exact behavior
modeling, and accurate estimation of the cross-section and backbone deformation,
by combining geometry deformation and Cosserat rod methods in a simple to derive
and efficient to simulate procedure. The characteristic parameters of the chambers
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are not considered in most of the models based on lumped system [114] and Cosserat
rod method despite some efforts for modeling of the braids in the pure elongation
case [74]. An exact model for the cross-section deformation has three main bene-
fits; it increases the modeling accuracy for general design and control applications
(discussed in this chapter), provides the necessary tool for the trending research on
the design of continuum manipulators with tuneable regional stiffness structure [23];
and enables exact planning for minimal invasive and safe robot-environment inter-
action applications where the working space is limited, i.e. continuum manipulators
in surgery [12] and space exploration [115]. The need for comprehensive modeling
of cross-section deformation of a continuum manipulator has been suggested in [94]
too. Our comprehensive modeling tool for compound structures provides a better
insight in design, optimization and control of this class of mechanisms in a simpler,
more efficient and accurate way which is based on and in agreement with experi-
mental observations. Besides, Comparing the accuracy and sensitivity of the models
help to understand what level of modeling complexity is needed to incorporate ef-
fects of certain structural parameters and achieve a desired modeling accuracy in
different applications. To this end, the effect of different modeling assumptions on
the modeling and sensitivity analysis accuracy is investigated.
Focusing on the modeling and control of the manipulator backbone in the second sec-
tion, 1) we introduce a model with finite number of states while preserving the mod-
eling accuracy and generality based on which the design of a nonlinear impedance
and configuration feedback controller is possible; 2) the solution is extended to the
dynamic case based on a vector formalism for PVW, in general 3D motions of a
multi-segment manipulator; 3) the modeling accuracy is increased by considering
the mechanical effects of the manipulator axial highly elastic deformation as well
as in the planar direction. We introduce a novel, accurate yet real-time approxi-
mate series-solution for the Cosserat beam method in the static case and a PVW
based model in the dynamic case for the general 3D motion of a multi-segment con-
tinuum manipulator in the presence of significant external and body loads. Based
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on the experimental observations, a modified Lagrange polynomial, as a differen-
tiable polynomial of finite order, is chosen to drive a weak-form series-solution for
the mechanics of a continuum manipulator using continuous Ritz and Ritz-Galerkin
methods. To the best of our knowledge and compared to the most recent similar
research in the field [75], this is the first time that the infinite modeling state space
of such problem minimizes to the geometrical positions of two points at the tip
and in the middle of the manipulator. As a result, different dynamic impedance
and configuration control scenarios are formulated using traditional nonlinear con-
trol theories in a unified and easy to implement vector formalism. We neglect the
close loop terms in the first part to highlight the performance and accuracy of our
method. A PID term is incorporated in the inverse control model later. Modeling
results are verified against experimental results in the static and dynamic cases.
The proposed model is the most accurate mechanics of materials based model with
the smallest possible number of modeling states compared to the other well-known
approaches in the literature [84] and can be used for precise static and dynamic
modeling, observation and control in real-time applications.
In sections 3.2, first, we discuss the exact modeling of a compound continuum ma-
nipulator using the geometry deformation approach. We start with the unit defor-
mation energy in section 3.2.1 as the basis for our first modeling framework. The
models for a braided extensor actuator in simple elongation, general elongation and
bending cases are discussed in section 3.2.2. The exact modeling of the manipulator
cross-section with planar and general assumptions are discussed in section 3.2.3. Our
approach to model compound continuum structures based on the constant curvature
assumption using the principle of virtual work, and the extension of the modeling
tool to variable curvature kinematics using Cosserat rod method is explained in
section 3.2.4. The simulation results and comparison between the models’ accu-
racy and sensitivity to structural parameters are discussed in section 3.2.5, followed
by the related discussion on the presented exact geometry modeling approaches in
section 3.2.7. In section 3.3, first, the extended modeling framework is discussed
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consisting of the inverse VC mechanics and a dynamic model based on PVW. The
Ritz and Ritz-Galerkin series solutions are detailed in section 3.3.3 for static and
dynamic models followed by a vector form derivation for the nonlinear control and
observation problems in section 3.3.4. Experiments and discussions of this section
are described in section 3.3.5. Finally, conclusions are presented in section 3.4
3.2 Exact Modeling of Compound Continuum Ma-
nipulators
Our approach in this section to modeling of a continuum manipulator consists of a
manipulator specific dynamic map (fS) solving the linear strains (v), and curvatures
and torsion (u) based on the internal and external loads, and a general kinematic
map (fG) finding the manipulator geometry based on the [v, u]. The forward and
inverse dynamic maps can be found based on various methods; however, some meth-
ods are better to evaluate the forward map, while others are more suitable for the
inverse map. The continuum form of Lagrange EOM is better for the forward and
inverse dynamic maps, the Cosserat rod model is appropriate for the forward static
map, and it is more straightforward to derive the inverse static map for a continuum
manipulator using the principle of virtual work [85]. Static and quasi-static models
are investigated here as special cases of the dynamic model, where the inertial forces
are neglected assuming static equilibrium and slow transitions in the system states.
This is a reasonable assumption since the application of continuum manipulator in
precise manipulation tasks, e.g. minimally invasive surgery as the main application
of the outcomes from this research, involve less rapid dynamic movements and more
quasi-static transition of the states in the task space [12]. Hooke’s law of linear
stress-strain relation is widely used in the dynamic model, while using Neo-Hookean
assumptions and the principle of virtual energy results in a more accurate static
model [103] as the body specific map (fS). A constant curvature assumption for
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simplicity and variable curvature assumption for precise modeling are used to find
the manipulator kinematic map (fG). The manipulator backbone deformation has
been assumed to play the dominant role in the modeling of continuum manipula-
tors and the cross-section deformation has usually been neglected in the literature.
However, as the manipulator becomes softer and the cross-section diameter ratio to
the module length increases, the cross-section deformation becomes more important.
This cannot be neglected in case of emerging studies on embedding regional stiffness
tuneable structures in continuum manipulators [48, 59, 43].
Here, we use the principle of virtual work to model the cross-section deformation
caused by constant curvature bending of one manipulator module under general ex-
ternal loads. The use of Neo-Hookean and Hooke’s linear stress-strain relations have
been utilized in this case. This method makes it possible to model the continuum
manipulators with compound structures. Despite the methods based on Newtonian
dynamics such as Cosserat rod theory, our approach solves for the inverse static map
(f−1G ) directly. Subsequently, we combine our models for the cross-section geometry
deformation with the variable curvature kinematics and Cosserat rod theory to find
a more accurate forward static map. This model improves the modeling accuracy in
the case of having large external forces. For this combined model, we only use the
linear Hooke’s law for stress-strain relation.
3.2.1 Unit Deformation Energy
We start with the PVW presented in Eq. 2.10. Elastic deformation action of the
continuum media (wc|pt) can be derived with good accuracy based on the Neo-





UcdV , Uc = E(Λ1 − 3)/6. (3.1)
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The unit deformation energy in an orthogonal frame can be derived based on the





in the case that stretch values along the principle axis are known [103], or by having
the general deformation map (displacement vector, ηd = ρd − ρ) in one coordinate
system we have [113],
ηx = xd − x, ηy = yd − y, ηz = zd − z, (3.3)



























Λ1 = 3 + 2 (εxx + εyy + εzz) . (3.4)
Alternatively, (wc) can be found based on Hooke’s linear stress-strain relation law
similar to an Euler-Bernoulli cantilever beam [103]. This is valid for small de-
formations; however, it can be used in finite element method. Here, the simple
Euler-Bernoulli beam stress-strain relations are used, for a CC deformation around
the local binormal axis (bˆ), by replacing the cross-section moment of area in the





2 + a(λl − 1)2) ld, (3.5)
where Jφˆ′d and ld are found from the geometry deformation maps. We call this the
Hooke’s law based model for the body deformation action.
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Figure 3.1: Parameters for a bent helical thread.
3.2.2 Braided extensile Actuator
Braided extensor actuators are threaded continuum chambers similar to McKibben
actuators [116] except for the fact that they elongate when pressurized [76]. The
thread constraints the curvilinear axial and radial deformation of the chamber shell
but slips tangent to the shell tube cross-section as discussed in section 1.2.
Simple Elongation
The thread constraint for simple axial deformation is derived from the helix geom-
etry, assuming that the thread length (sth) and the helix total twist angle (ϕth =
2nthpi) are fixed [76] (Fig. 3.1), where nth is the number of helix full turns.
For the unit length of the thread (dsth), which remains constant, in deformed state
we have δl2pd + (rthdδϕ)
2 = δs2th. Substituting δlpd = λlpδlp, rthd = λrprth, δlp =
δsthC(γ) and rthδϕ = δsthS(γ), where λrp = rthd/rth and λlp = lpd/lp, we get
λrp
2S2(γ) + λlp
2C2(γ) = 1, (3.6)
A simplified assumption to derive pneumatic pressure action for a STIFF-FLOP
module is neglecting the pneumatic chamber thin shell and assuming rp1 = rthd =







rp = (1− λlp2C2(γ))/S2(γ). (3.7)
3.2. Exact Modeling of Compound Continuum Manipulators 63
This is not valid for manipulators with a thick chamber shell and without an en-
capsulating body shell, i.e. OCT-Arm [74]. Note that, a single actuator chamber
cannot be modeled by having the pneumatic pressure action only.
The typically adopted model in the literature [74, 76] assumes that the chamber shell
volume is fully constrained to the thread and all the body volume points follow helical
radial and axial deformations. We call this method the constrained volume model.
The shell elastic deformation action can be derived based on the incompresibility
criteria (λϕp = 1/(λlpλrp)), rp1 = rth, Eq. 3.1, Eq. 3.2 and [λlp , λrpd , λϕp ] as the
known stretches along the cylindrical coordinate principle axes [74][76]. Then for

































S2(γ) − λl2p + 1)/S2λ, ap = pi(rp12 − rp22). (3.8)
For one chamber, using eq. 2.10 ((wpt,λl + wG,λl)δλlp = 0) and assuming λlp as the
only system state, we get [74]
p =
E(rp1






















6 − 4S(γ)4 − 3S(γ)2 + 1) + 3S(γ)4). (3.9)
This assumption constrains the radial and axial deformation of the chamber to the
helix. The chamber tangential deformation is free and can be found based on the
incompressibility criteria. A small modeling error is observed in comparison with
experimental results by Trivedi, because of non-perfect slip between the thread and
the chamber surface [74]. An alternative derivation for a braided chamber with
simple elongation is given in [85] using geometry deformation method which results
in a more complex solution but with similar concept. It has been shown that the








Figure 3.2: (a) A helix with only pure torsion of the braid and the definition of
stretches in a cross-section cylindrical coordinates, (b) the enclosed tube heart-
shape deformed cross-section due to torsion-only assumption for the braid, based on
a Solidworks 3D model with 90 [deg] segments, r2 =25 [mm], θ =135 [deg] and γ =
0.51 [rad]. The special shape is due to the combination of the helix lead angle and
pure torsion of the helix cross-section.
effect of γ is negligible for a dense braid in the case of STIFF-FLOP modules [85]
and a simpler result is possible assuming γ ≈ pi/2. Hence, from from Eq. 3.6 we
have λ2rp = 1 − λ2lp(pi/2 − γ)2 and can further simplify the problem by assuming a
fixed chamber radius (λrp = 1) due to γ = pi/2. This suggests that the chamber
radius does not change and it only twists. In the case of fixed radius for Eq. 3.8
and 3.9 we get














To improve the model accuracy, the same constraint relation can be derived for a
bending helix assuming no twist as shown in Fig. 3.1. With no-twist assumption,
the tube cross-section does not undergo any torsion or twist around its main axis.
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The geometrical model for a bent helix is
xth = 1/κ− (1/κ− rthC(ϕ))C(θϕ),
yth = (1/κ− rthCϕ))S(θϕ),
zth = rthS(ϕ), (3.12)
where θϕ = κsϕ. The helix deforms due to the thread cross-section pure torsion
(ψ), neglecting material bending and strains. We consider any constant curvature
elongation-bending deformation as a separate uniform elongation followed by a con-
stant curvature pure bending. The uniform elongation changes γ uniformly, hence
from Eq. 3.6 we get
cot(γp) = λlpδlp/(rthdδϕ), (3.13)
where λlp is the axial length stretch due to elongation, rthd = λrprth is the deformed
radius because of pure elongation, γp = acos(lpd/lth) is the helix lead angle after pure
elongation, lth = lp/C(γ) is the thread length which is fixed and lpd = λlplp. A
helix with only thread torsion, the definition of stretches in cross-section cylindrical
coordinates and a view of the deformed enclosed tube cross-section are presented in
Fig. 3.2.
In the case of pure bending, we assume B0 = τ/(J1ˆthGth) as the local curvature along
the thread central axis due to an external uniform bending moment (τ), where J1ˆth
is the helix cross secction polar second moment of area (Fig. 3.3). The change in the
cross-section torsion angle is δψ(ϕ) = B0C(ϕ)S(γ(ϕ))δsth, where δsth = rth(ϕ)δϕ/S(γ(ϕ))
is the length of the thread element and rth(ϕ) = λrp(ϕ)rth is the local helix radius as
a result of both uniform elongation and bending. Note the difference between rthd
and rth(ϕ). Here, λlp and λrp are the stretches of the chamber axis caused by pure
elongation. Then, for small rotations for which vector rules are valid, the variation
of the bending angle (δθ(ϕ)) along the axis becomes
δθ(ϕ) = κδlpκ(ϕ) = δψC(ϕ)S(γ(ϕ)) = B0C
2
(ϕ)S(γ(ϕ))rth(ϕ)δϕ, (3.14)









Figure 3.3: The uniform bending moment (τ), caused by a uniform bending, and it’s
projection on the helix cross-section. As a valid and commonly used assumption to
model helical springs [76], the thread bending and strains due to the external uniform
moment are neglected. The thread is circulated around a tube-shape continuum
shell.
where δlpκ(ϕ) is the local thread ascend due to bending. This relation is valid for
infinitesimal changes in angles. Using the geometry of the local lead angle (γ(ϕ)),
superposition rule and Eq. 3.13 and 3.14 we have




Note that γp and lpd are the uniform values due to pure elongation of the helix,
while γp(ϕ) and lp(ϕ) are the local values at the thread element polar location ϕ. Eq.






4 + 4 cot(γp) B0κC(ϕ)




where γp = acos(lpd/lth) is used to substitute for cot(γp). This is considered as the
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exact solution for γ(ϕ). This exact model gives complicated solutions for B0 and γ(ϕ)
in the following steps. Therefore, we assume γ(ϕ) ≈ pi/2 (only in Eq. 3.14) which
results in a simpler solution as δθ(ϕ) = κδlpκ(ϕ) = B0C
2
(ϕ)rth(ϕ)δϕ. Integrating this
w.r.t. ϕ we get
θ(ϕ) = rth(ϕ)B0(ϕ+ S(2ϕ)/2)/2. (3.17)
Assuming the helix turns start and ends on the bending neutral plane, we have
lp(ϕth) = lpd = λlplp. Then, B0 is found from lp(ϕth) and θ(ϕth) = λlplpκ as
B0 = 2λlplpκ/(λrp(ϕ)rth(2nthpi + S(4nthpi)/2)). (3.18)




(ϕ)/κ+ cot(γp) . (3.19)
In initial state when the helix is straight, we have δlp(ϕ) = δlp. In the deformed bent








1− κrth(ϕ)C(ϕ) . (3.20)







(γ(ϕ)) = 1. (3.21)
By substituting rth(ϕ) = λrth(ϕ)rp and assuming the thread constraint on the actuator
chamber shell as rth = rp, Eqs. 3.19 and 3.20 in 3.21, we obtain a quadratic function
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We call this the exact helix model for λrp(ϕ). It is important to mention that this
relation is valid for a dense braid (γ ≈ pi/2) due to our simplifying assumptions
earlier. The final result is










































































































































































































































































































































































The exact helix model is valid for stiff threads and springs without thread bending.
This is not valid for soft braids, e.g. fishing or sewing threads being used in fabri-
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cation of many pneumatic actuators. A simpler result is possible if we assume that
the lead angle with the curvilinear axis is constant and equal to the lead angle after
pure elongation (γ(ϕ) = γp). This model assumes that the thread tends to retain its





















which we call the constant lead angle bending model.
As in the case of pure elongation, actions can be found base on incompressibility


















lp(ϕ) − 3)/6, (3.27)
where φ is the polar angle of the cross-section element and the integrals are dealt
with numerically in the simulations. The actions depend on κ, hence a standalone
relation for one chamber is not derived here. A similar result to Eq. 3.7 in the
case that we neglect the chamber shell can be derived by substituting λrp with
λrp(ϕ). Assuming a dense thread (γ(ϕ), γp, γ ≈ pi/2) does not reduce the complexity
of the final solutions in Eqs. 3.22 and 3.25 significantly; however, the fixed radius
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Figure 3.4: Planar and general assumptions for cross-section deformation in
elongation-bending based on geometry deformation method. The bending is toward
x-axis positive direction.
3.2.3 Cross-section Deformation
The unit deformation energy for simple pure elongation of a symmetric cylinder is
presented in [103] based on incompressibility criteria and principal stretches. We
use Eq. 3.1, 3.2 and
Λ1 = λ
2
l + 2/λl, λr|ϕ = 1/
√
λl, (3.30)
to derive the unit deformation energy for the pure symmetric elongation case, where
λi are the stretches along other principle directors (Similar to Fig. 3.2.a). This can
be extended to a simple model for elongation-bending of a cylinder by substituting
φ with ϕ in Eq. 3.20 as
λy(x) = (1− κx)λl, λx(x) = λz(x) = 1/
√
λy,
Λ1(x) = (1− κx)2λ2l +
2
λl(1− κx) , (3.31)
where (x, y, z) is the element initial position in the inertial frame. This model
accounts for the inhomogeneous elongation of the volume elements but does not
consider their bending. We call this the simple bending model.
We use a similar approach similar to the solution by Rivlin for “The problem of Flex-
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ure” [113] to find a simple but exact analytical solution for the general deformation
map of a bent hollow cylinder. Following similar studies in literature [74], we assume
the continuum bodies as an incompressible media and the cross-section plane remains
planar under deformation as in the Euler-Bernoulli beam assumption. Therefore, the
final orientation of the deformed cross-section planeis determined by the deforma-
tion of the backbone. The deformed state for each point (ρd = [xd, yd, zd]
T = Tκρ
′)
consists of the deformation of the backbone in the form of a transformation matrix
(Tκ) and a vector function presenting the planar deformation of the cross-section
(ρ′ = [x′, y′, z′]T) (Fig. 3.4). Assuming constant curvature, neglecting the placing






The deformation map becomes,
xd = C∆θx
′ + (1− C∆θ)/κ,
yd = −S∆θx′ + S∆θ/κ,
zd = z
′, (3.33)
where ∆θ = y′κ. Incompressibility criteria holds if the determinant of the deforma-
tion map Jacobian w.r.t the initial states (ρ = [x, y, z]) becomes one [118],
|ρd,ρ| = 1. (3.34)
The above relation is derived and then solved for ρ′ following some assumptions
on the shape function variable dependency and boundary conditions. Our general
assumptions are having a fixed backbone on xz-plane (ρ′(0) = 0), symmetry w.r.t.
yz-plane (z′(z=0) = 0) and having the neutral plane along the main axis and perpen-
dicular to the curvature radius (x′(x=0) = 0 and z
′
(x=0) = z); however, we drop some
of these assumptions in different models. We discuss the solution based on two main
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assumptions.
Planar Deformation
Here, the deformation only occurs in the xy-plane. Assuming no deformation in z
direction (z′ = z) similar to [113], we can separate the variables as x′(x, z), y′(y)
and z′(z). For Eq. 3.34 we get
∣∣∣∣∣∣∣∣∣∣
x′,xC(κy′) (1− κx′)y′,yS(κy′) x′,zC(κy′)







,z(1− κx′) = 1. (3.35)
By separation of variables we have

x′,x(1− κx′) = 1/(y′,yz′,z) = 1/(λ2λ3)
y′,yy = 0→ y′ = A2y +B2
z′,zz = 0→ z′ = A3z +B3.
(3.36)








where considering the fixed backbone root, yz-plane symmetry and neutral plane,





2 − 2κxA33 λl + A32 λl4 − 2κxA3 λl3 + 1
A3 λl (A3 λl − 2κx) . (3.38)
Λ1 is not a function of y and the integration for wc is dealt with numerically. From
the neutral plane assumption (z′(x=0) = z) and for the planar elongation-bending
deformation case we get A3 = 1; however, in the case of planar pure bending after a
pure elongation, form Eq. 3.30 we have z′(x=0) = z/
√
λl, hence A3 = 1/
√
λl. A weak
approximate analytical solution is presented in [85]. The elastic deformation action
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for the body shell as a hollow cylinder is
wc = wc(rc2) − wc(rc1). (3.39)
General Deformation
A more realistic model can be derived based on a more general assumption for z′(x,z).
Then, similar to Eq. 3.35-3.37 we have
1 =
∣∣∣∣∣∣∣∣∣∣
x′,xC(κy′) (1− κx′)y′,yS(κy′) x′,zC(κy′)







,z − x′,zz′,x)(1− κx′). (3.40)
By separation of variables and from the result for x′ in Eq. 3.36, the fixed backbone
root, yz-plane symmetry and neutral plane assumptions we have

x′ = (1−√1− 2κ(h2(x) +B1))/κ





To satisfy the xy-plane symmetry neutral plane assumptions and reach a realistic
cross-section deformation similar to Fig. 3.4, we propose z′ = A3z/
√
1− κx based












3 − 4A3B4λl3B54 + A33B4κ2λlz2B5
A3B4λlB5
4 , (3.43)
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where B4 = 4(1− κx)
3
2 + 3A3λl − 4 and B5 = κx − 1. Similar to the planar pure
bending case in the last section, we assume A1 = A3 = 1/
√
λl. A more general
solution for the braided case is hard to achieve and has not been considered here.
3.2.4 Integration with Constant and Variable Curvature Mod-
els
In the next step, we use different combinations of the discussed methods to model
the pneumatic chamber elastic deformation, gas pressure and a body shell elastic
deformation actions for a STIFF-FLOP module. The inverse map that results from
the principle of virtual energy is used to predict the required pressure for any con-
stant curvature geometry. Instead of using Eq. 2.2, the deformed values are found
based on equations from section 3.2.2 and 3.2.3. We substitute rod = ro/
√
λl for ro
in Eq. 2.8 to approximate the deformation of the placing radius for the actuators
too. The algorithm to implement the method is presented in Algorithm 1. There,
to find the pressure inputs for any orientation, first the Jacobian of the inverse map
between the pressure inputs and pressure action (V −1p,q ) and the rest of actions in
the system wT,q are calculated numerically using jacobian function. w func func-
tion returns the actions (w) and pressure coefficients (Vp) where function action fun
is called in a for loop three times to return the actions for the pressure chamber
shell wp, hole in the body shell wh and air volume Vp in the three set of chambers.
action fun if called once for the body shell actions (wc) too. The body load action
(wb) and the external load action (wL) are calculated in two for loops that iterate
over the number of segments and eternal load locations respectively.
The constant curvature model does not account for the material twist due to any off-
plan load. This solution can be extended to the variable curvature backbone model,
where the backbone consists of a series of infinitesimal constant curvature curves [74]
[91] [11]. The variable curvature assumptions improve the accuracy of the backbone
deformation modeling, and the presented methods in this research can improve the
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Data: par- structural parameters, mthdc, mthdp- modeling method used for
body and chamber
Result: inverse static model for a continuum manipulator based on the princi-
ple of virtual work
initialization;
[Vp,q, wT,q] = jacobian(w func(par,mthdc)); //numerical Jacobian
return p = V −1p,q .wT,q; //inverse static map
Function [Vp, wT] = w func(par,mthd) {
Data: par- structural parameters, mthd- modeling method, ρL- external load
position vector
Result: actions and actuator volume
φp = [0 2pi/3 − 2pi/3]; //angular position for pneumatic chambers
for i- number of pneumatic chambers do
lp = l(1− κroC(−φ+φp));
[Vpt, wptNH , wptEB ] =action fun(lp, par,mthdp); //wpt for pneumatic cham-
bers
Vp(i) = Vpt; //air and chamber shell actions
wp+ = wptENH ;
[vpt, wcpNH , wcpEB ] =action fun(lp, par,mthdc); //wcp for the chamber holes
in the body shell
wh+ = wcpNH ; //for the chamber holes
end
[Vcp, wcNH , wcEB ] =action fun(l, par,mthdc); // wc for the body shell
wc = wcNH − wh;
T : unity matrix; //initialize
for ns- number of segments in a manipulator do
T = T.TCOM(ns); //COM transformation matrix calculation
ρCOM = T.[0001]
T; //COM position vector
wb = bg.ρCOM; //weight action
end
for nL- number of external loads do
wL = +fLρL; //external load action
end
wT = wc + wp + wL + wb; //total action
return [Vp, wT] }
Algorithm 1: The pseudo code for a Matlab program to derive the inverse static
relation for a continuum manipulator using the principle of virtual energy and
constant curvature assumptions.
associated cross-section deformation models. Assuming EB relations in each element
and Jdˆ2 ≈ Jdˆ3 , the deformed values in each element along the backbone curve are




3/(v1 + 1) in equations from
section 3.2.2 and 3.2.3. We consider the backbone area and second moment of area
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for the deformed body to account for the cross-section deformation. The algorithm
to implement the method is presented in Algorithm 2. There, bvp function is a
BVP problem based on beam theory method which is integrated over the continuum
backbone using ode113 function and then solved, based on the optimization method,
using fsolve function in Matlab software. bvp function returns the configuration
spatial derivatives ([ρ,s, R,s]) at each location (s) along the continuum backbone.
First, the location of the current backbone position in Cartesian coordinates ([x0, y0])
is interpolated, and the element axial stretch and bending curvature ([λl,s, κ,s]) are
found from the guessed geometry. The module and pressure chamber cross-section
area, second moment of area and pressure chamber placings ([apd , apd , Jpdˆ1 ], [acd , Jcdˆ1 ]
and rod) are calculated using cross sec based on the current element axial stretch
and bending curvature. The external (τ) and body load (τb) moments are calculated
and used to calculate [v, u] and [ρ,s, R,s].
The results are compared to the experimental measurements and the advantage of
the geometry deformation approach in increasing the model prediction accuracy is
presented in Table 3.1.
3.2.5 Simulation and Comparison of Different Models
We investigate the accuracy of the simulations from different models in predicting
the experimental results and the sensitivity of each model to structural and kine-
matic parameters. The comparison between the models helps to understand how the
modeling accuracy improves by increasing the mathematical derivation complexity
and to find the proper model to observe certain behaviors, incorporate effects of im-
portant structural parameters and achieve a desired modeling accuracy. Modeling
absolute error is defined as the positive value of the difference between the output
vector (pressure (p) for the inverse model (section 3.2.5) and tip position vector
(ρtip) for the forward model (section 3.2.5)) from the model simulation and the ex-
periments. Error percentage is found by dividing the absolute error by the vector
3.2. Exact Modeling of Compound Continuum Manipulators 79
Data: par- structural parameters, mthdc, mthdp- modeling method for the
body and chamber
Result: inverse model for a continuum manipulator based on Cosserat rod
model
initialization;
first guess for the position of interpolation points in equilibrium geometry (ρ0) ;
q = fsolve(@(q0)(ode113(@bvp(l,q0,par)),q0); //to solve the boundary value
problem
return q; //equilibrium geometry
Function bvp(s,q0,par) {
Data: par- structural parameters, mthd- modeling method, q0- initial geometry,
s- axial position
Result: ODE derivatives
[x0, y0] = interp1(q0, s); //interpolate the location of the current backbone po-
sition in Cartesian coordinates
[λl,s, κ,s]=...; //the element differential kinematics based on the guessed geom-
etry from section 2.2.5.
[apd , apd , Jpdˆ1 ] =cross sec(λl,s, κ,s, par,mthdp); //pneumatic chamber cross-
section area, chamber cross-section area and second moment of area based
on the element differential kinematics
[acd , Jcdˆ1 ] =cross sec(par,mthdc); //boody shell cross-section area and second
moment of area
rod=sqrt(acd)ro; //approximates the deformed chamber radial position
τ = τp + τL; //total planar moment due to air pressure and the external tip
moment
τb=bacg(trapz(@(x)(interp1(q0, x)-x0),s, l)); //integration for the body load mo-
ment
[v, u] = ...;
[ρ,s, R,s] = ...; //substitute in Eq. 2.16, 2.17 and 2.20 to calculate the derivatives.
return [ρ,s, R,s] }
Algorithm 2: The pseudo code for a Matlab program to solve the forward static
relation for a continuum manipulator using Cosserat rod method.
value from the experiments as the reference value and used as a means to compare
constant curvature and variable curvature modeling results despite their differences.
To make comparison with similar research easier, a reference error percentage is
defined where the absolute error is divided by a structural parameter as the ref-
erence value (E for the inverse model (section 3.2.5) and module length (l + 2lfs)
for the forward model (section 3.2.5) [74]), where lfs is the axial offset between the
manipulator ends with the tracking sensors. We use error percentage to compare
the different models in this research; however, the reference error percentage should




















































































































































































Figure 3.5: The change in the local lead angle (γ(ϕ)) of a pneumatic chamber’s
helical thread in terms of different values of γ, κ and θ = κlpd where (left six plots)
λlp = 1.2418 and (right six graphs) γ = 1.4835[rad]. The model with dense thread
(small γ ≈ pi/2) tends to predict more change in γ(ϕ).
be used for comparison with the results from other similar research.
Helix Lead Angle Models
Simulation results for γ(ϕ) in terms of different values of γ, κ and λlp show con-
siderable changes in the local lead angle, w.r.t. the initial lead angle (γ) and the
uniform changes in the lead angle after pure elongation (γp), even for γ ≈ pi/2 (Fig.
3.5). The variations from the base lead angle (γ) increase significantly as the γ
itself decreases and as λlp increases. However, it decreases slightly when κ increases
and there is no notable variation w.r.t. θ = κlp. γ produces the dominant effect
and enhances the effect of other parameters as it decreases. Results from the exact
model (Eq. 3.16) and the simplified model (3.19) are almost identical while the sim-
plified model predicts slightly larger variations in the local lead angle. We continue
with the simplified model. The small lead angle assumption (γ(ϕ) ≈ pi/2) in all
the derivations causes a larger error w.r.t the exact model and predicts more local
change in γ(ϕ). With local changes in γ(ϕ), the errors of the three models remain
small for γp > 80[deg] and they have identical results for γ = pi/2 as expected.
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Figure 3.6: (left) The change in the outer radius stretch (λrp(ϕ)) and (right) shell
cross-section deformation of a pneumatic chamber for rp2 = 12[mm], λlc = 1.8368,
κ = 27.8036[rad], θ = 1.0482[rad], γ = 1.4835[rad]. The bending is toward x-axis
positive direction.
Braided Actuator Deformation Models
Simulation results for different derived models of λrp(ϕ) and cross-section shapes of
a STIFF-FLOP pneumatic chamber in terms of γ, κ, θ and λlp are presented in
Fig.s 3.6-3.8.b. The exact helix model as in Eq. 3.22 predicts the largest variation
from the circular shape such that the cross-section radius will shrink more in both
the inner (concave) and outer (convex) sides of the curve in the bending plane
and w.r.t. the tangential plane. The deformation of the radius on the inner side
is smaller than the deformation on the outer side, and this difference increases as
either θ or κ increases, in addition the deformation magnifies when γ decreases
and/or λlp increases. However, it decreases when κ is increased for a constant θ and
increases when κ is increased for a constant λlp . The most significant parameter on
the cross-section asymmetric deformation is the bending angle (θ) and its effect is
enhanced by the braid helix lead angle (γ) decreasing as well as the axial stretch
(λlp) increasing. The observed effects intensify for bigger radii. The small lead angle
case (γ ≈ pi/2) for the exact helix model predicts a larger uniform decrease in the
shell radius which we found unsuitable for modeling purposes and is not presented
in the graphs.
Despite the exact helix model, the constant lead angle assumption (Eq.3.25) predicts
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an almost uniform shift in the cross-section toward the bending axis. The structural
parameters have almost the same effects on the deformation predicted by this model
as discussed for the exact helix model; however, their effects are not significant. The
constant lead angle model in the general case corrects the pure elongation general
case and the small lead angle case (γ ≈ pi/2) corrects the small angle case for
the pure elongation. The small lead angle models predict a slightly smaller radius
compared to the general cases; however, they are not significantly different from the
fixed radius models (γ = pi/2) and from each other in terms of the prediction of the
shell radius deformation. Assuming γ ≈ pi/2 results in slightly larger predictions for
radius and thread local lead angle. The results are in good agreement with the exact
models for γp > 80[deg]; however, the simplification does not reduce the complexity
of derivations significantly.
The exact helix model assumes the braid helix deforms due to pure torsion of the
thread cross-section, similar to a stiff spring, without any bending. This assumption
for the constant lead angle model is not valid and this model’s prediction is similar
to the result from the pure elongation of a helix (3.6). We suggest using the exact
helix model for the chambers with stiff braids, and using the constant lead angle
model for more deformable braids, i.e. sewing threads, where the deformation of
the chamber shell is more dominant. The deformation of the cross-section and the
difference between the models become noticeable when γ > 1.309[rad] or λlp > 1.8.
However, to understand the significance of this difference on the static model of a
chamber, we investigate the action predicted by any of the models later. Note the
different predicted profile for a module in nearly pure bending with a big radius
(λlc = 1.1187 and θ = 1.0482 [rad) in Fig. 3.6 compared to a module with smaller
radius in Fig. 3.7.
Different predicted deformations based on different models for the outer and the
inner radius of a braided pneumatic chamber with inner and outer diameter of
respectively 12 and 18[mm] and γ = 1.48354[rad] are presented in Fig. 3.7. Results
for a body shell without braids are presented for comparison purposes too. The
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Figure 3.7: (left) The change in the inner radius stretch (λrp(ϕ)) and (right) cross-
section deformation of a pneumatic chamber where rp1 = 8[mm], λlc = 1.5549,
κ = 41.6922[rad], θ = 1.0482[rad], γ = 1.4835[rad]. Note how the cross-section
shape changes based on different model assumptions. The bending is toward x-axis
positive direction.
deformation predicted by all the braided models other than the bending model with
the exact helix γ assumption, are almost identical to the prediction of the constant
radius model for this γ. A closer look shows a small decrease in the radius in case of
pure elongation of a helix. The radius changes somewhat for the bending model with
the constant γ assumption and slightly expands inward. The bending model with
the exact γ assumption shows a helix that does not allow lateral deformation other
than the uniform reduction due to the elongation of the axis. It causes a change in
the twist angle at the back side of the bent where two consecutive rounds of the helix
have different local lead angles and create a heart shape (Fig. 3.2 & 3.7). While a
tube inside a helical spring behaves similarly to the exact γ assumption model, the
thread tends to follow the deformation of the body shell for the softer braids and
maintain γ; therefore, it behaves similarly to the constant γ assumption model. It
is clear that the helix tends to maintain the radius and the braided chamber does
not shrink in radius as does the simple cylinder without braids.
Cross section deformation of a pneumatic chamber for the STIFF-FLOP module is
presented in Fig. 3.9 for different bending angles. It is clear that the change in the
shape of the cross-section in the Fig. 3.9 is less obvious than in Fig. 3.7 with bigger
inner and outer radius. The inner cross-section shape deformation is more obvious.
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Figure 3.8: Results for (a) a module with large radius (rp2 = 12[mm]), for better
presentation of the model assumption effects on the cross-section deformation, and
(b) the STIFF-FLOP pneumatic chamber (rp2 = 3[mm]). (left nine graphs) The
change in the outer radius stretch (λrp(ϕ)) and (right nine graphs) shell cross-section
deformation of a pneumatic chamber in terms of different values of γ, λlp , κ and θ =
κlp where (left nine graphs) γ = 1.4835[rad] and (right nine graphs) λlp = 1.2418.
Different scales for the y-axis are used for better visibility. Note how the different
assumptions change the cross-section shape by changing the λrp(ϕ) profile; and the
different predicted profile for a module in nearly pure bending with a large bending
radius (λlp = 1.1187 and θ = 1.0482 [rad]) in (b) compared to a module with bigger
radius in (a).
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Figure 3.9: The cross-section deformation model for a STIFF-FLOP pneumatic
chamber where λlc = 1.5549 and γ = 1.4835[rad]. The bending is toward x-axis
positive direction.
The chamber tends to remain circular in all cases except for the bending with exact
γ model, where the tube shell tends to bend inward and become more like a bean.
The predicted deformation by different models for a STIFF-FLOP body shell is
presented in Fig. 3.10, where deformation due to a pure symmetric elongation, as
in Eq. (3.5), is presented too for comparison. The simple bending model based on
Cauchy-Green stretches (CG simple bending model) and the planar bending model
from the geometry deformation model (GD planar model) predicts more shift in
the cross-section toward the bending side. The CG simple bending model predicts
an almost uniform shift in the cross-section toward the bending axis. the planar
bending model predicts an egg shape cross-section with the sharp side toward the
bend center. The general geometry deformation model (GD general bending model)
predicts a smaller shift toward the bending axis, and a small lateral shrink at the
back of the bending side and a small lateral expansion at the inward. Based on the
shift and the overall shape, we conclude that the GD general bending model predicts
the most realistic deformation. A comparison between the GD general bending
model and the actual cross-section deformation of the body shell is presented in Fig.
3.10 too.
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Figure 3.10: The cross-section model for deformation of STIFF-FLOP body shell
where λlc = 1.5549, γ = 1.4835[rad] and the bending angle is increased between the
plots from left to right (left & middle) and comparison with a STIFF-FLOP module
cross-section deformation in bending (right). The area changes to an egg shape and
shifts toward the inner of the bent. The GD planar model predicts less material
shift compared to the general model. The GD general method provides a better
prediction of the cross-section deformation. The bending is toward x-axis positive
direction.
Braided Actuator Pressure and Action Models
The pressure required for one pneumatic chamber to reach a certain λl is found by
exploiting the principle of virtual energy for one pneumatic chamber. The result
from different braided chamber models is compared against experiments with a
STIFF-FLOP chamber (EXP.1) in Fig. 3.11. The variation w.r.t the bent curvature
is neglected for the bending models; however, as the standalone actuator chamber
bends when it pressurized shown in Fig. 1.4, we simulate the results for different
λlp in θ = 1.482[rad]. It is observed that the constant γ model and the exact helix
model give the best prediction based on the actual measured values. The results
are very sensitive to the verified parameters. For example in Fig. 3.11, by choosing
a slightly different value for E and γ the bending with constant helix model can
predict the pressure values precisely while this model is less sensitive to a change
in E compared to the other models. Therefore, we choose the model that predicts
the behavior trends in the experimental data and then we identify the unknown
structural parameters to fit the model to the experimental readings. The trend in
the experimental values and small sensitivity to the γ value shows that the constant
γ model has the best prediction for this chamber. This result was predictable due
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Figure 3.11: (top) Required gas pressure for a certain deformation of a STIFF-
FLOP pneumatic chamber, experimental data from EXP.I vs. model simulations,
(bottom) sensitivity of the predicted required pressure to the structural parameter
γ by plotting p,γ for different values of θ, γ, λlp and E. The CG exact helix model
shows better prediction in terms of mean error and profile shape; however, predicts
high nonlinear sensitivity.
to easily deformable threads having been used in making this chamber. There is
no significant change in the model predictions for different values of θ and γ, other
than the pressure value predicted by the GD general bending model which is shown
to be very sensitive to the value of γ, where the pressure increases significantly as γ
reduces. This very sensitive behavior needs more experiments for verification when
using chambers with variable thread angles.
The elastic deformation from the Neo-Hookean (NH) and Euler-Bernoulli (EB)
methods, and gas pressure actions w.r.t different values of θ, λlp and γ predicted by
different models are presented in Fig. 3.12.a for a STIFF-FLOP pneumatic chamber.
The gas pressure action does not change for different values of θ and γ, except for
the GD exact helix model that demonstrate a significant increase as γ increases. The
most important parameter is λlp where causes a significant increase in the actions.
For the CG bending model with fixed radius (the case of dense braids, γ ≈ pi/2)
a decrease in the Neo-Hookean elastic deformation action is observed which sug-
3.2. Exact Modeling of Compound Continuum Manipulators 88
gests this assumption cannot be used with the Neo-Hookean method. The graphs
show some models predict the actions up to 3 times more compared to other models
which show the importance of a proper choice of modeling method. The predictions
from GD exact γ and the planar deformation assumptions are quite similar. The
Euler-Bernoulli method predicts significantly higher values than the Neo-Hookean
method. For the models with fixed radius, dense thread or neglecting the pneumatic
chamber shells, larger values for the actions are calculated. In general, any simpli-
fying assumption causes an overestimation of the actions. While the action values
are representations of the energies stored in the system, the actions variation w.r.t
system states determine the final static map for the system.
Integration with Constant Curvature Model
We attempted to identify the unknown values such as γ, E and sensor frame initial
register by fitting the model simulations to the actual experiment information from
EXP.3-I for eight data points and subsequently verifying the result against 43 data
points. All the remaining parameters were measured manually. It was observed that
a combination of the geometry deformation method with general assumptions for
the body shell and the bending model with the exact helix lead angle assumption
provides the best modeling accuracy. This might have been predicted based on the
previous observations about the body shell and pneumatic chamber. This method
increases the accuracy of the model by up to 13% mean error compared to a simple
CG symmetric elongating body shell with fixed radius chambers and 14% compared
to Euler-Bernoulli bending model with fixed cross-section. A better accuracy is
possible if a CG pure elongating braided helix model is used instead of the helix fixed
radius model. Using the simplified models such as the CG simple bending or fixed
radius assumption increases the modeling error by up to 57% compared to the best
possible solution. The general deformation derivation (Eq. 3.41) provides a better
solution for the problem of flexure compared to the planar deformation method (Eq.
3.36) based on Rivlin’s method [113]. The Euler-Bernoulli model with fixed radius
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Figure 3.12: (a) The air pressure action (wp), body deformation energy using Neo-
Hookean (wcNH) and Hooke’s (wcEB) methods vs. change in the helix and curvature
parameters. (b) Sensitivity analysis of the action values w.r.t. γ by plotting w,γ
for different values of θ, γ, λlp and c. High complexity models, i.e. GD exact
helix models, predicts high nonlinear sensitivity and the simplified models, i.e. CG
braided fix radius, predicts higher and, in some cases, incorrect sensitivity values
and profile.
assumption for the actuator chambers result in better accuracy compared to the
Neo-Hookean models in this case; however, the correct choice of the combination of
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Figure 3.13: The simulation vs. experimental results of EXP.3-I from 43 data points
for inverse static relation between the input pressures and the tip position (p =
f(ρtip)) for a STIFF-FLOP pneumatic module, using principle of virtual work. A
combination of the GD general method and the constant γ model shows 13% lower
mean error percentage and 23% lower mean reference error percentage compared to
the Euler-Bernoulli rod model without any cross-section deformation.
the methods is still important, i.e. in incorporating the structural parameters’ effect.
It is clear that more exact modeling of the deformation of the cross-section increases
the modeling accuracy significantly, even if this prediction has been made based on a
simple symmetric pure elongation model. However, a carefully chosen combination
of the models based on the nature of the module is important to achieve the best
result. The overall mean error of the model is high (61% mean error percentage
and 38% mean reference error percentage) because of the inaccuracy in constant
curvature assumption, especially for near straight configurations, as observed in
similar previous research [74, 92]. A comparison between the best and the worst
model prediction is presented in Fig. 3.13 showing the importance of considering
the cross-section deformation.
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Figure 3.14: The simulation vs. experimental result from 33 data points for planar
deformation of one STIFF-FLOP module under extensive external loads (EXP.2).
A combination of GD general method and exact helix model shows 7% lower mean
error percentage and 10% lower mean reference error percentage compared to the
Euler-Bernoulli rod model with no cross-section deformation. The VC model shows
52% lower mean reference error percentage than the CC model (Fig. 3.13).
Integration with Variable Curvature Model
Eq. 2.20 needs to be solved for the deformed geometry in the equilibrium state. We
start with a guess for the deformed geometry, i.e. straight configuration, and solve
for the manipulator geometry where the result should be identical to the first guess.
This leads to a system of nonlinear equations that can be solved with numerical
methods such as Powell dogleg [119] used in Matlab ’fsolve’ function. Starting from
the straight undeformed state shows good convergence and the algorithm usually
needs two trials to find the equilibrium configuration for a single-curve formation
and three trials for a double-curve formation (Fig. 1.7).
We investigate the Cosserat rod model accuracy to simulate the planar deformation
of one STIFF-FLOP module with extensive external loading of EXP.2, shown in
Fig. 1.7. A Matlab program algorithm is presented in 2. The overall accuracy of
the Cosserat rod model is about 52-100% better than the constant curvature model
for any combination of the models. Approximately the same trend in the accuracy
of the models is observed here compared to the constant curvature model. The
combination of the bending GD general deformation or planar assumption and the
exact or constant γ helix model results in a small 9-10% error. The error for the
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Figure 3.15: The iterations to solve the BVP problem for some of the simulation
steps.
combination of the CG symmetric elongation model and the helix pure elongation
results in 12% error which is slightly less than the accuracy of the models based
on the general deformation method. A comparison between the combination of the
GD general bending models and the constant helix angle (γ) model with the model
without any change in the cross-section is presented in Fig. 3.14 showing 7% increase
in the model accuracy by taking into account the cross-section deformation based
on mean reference error. The iterations to solve the BVP problem for some of the
simulation steps are presented in Fig. 3.15. The model reference error percentage
is 10% for the case with extensive external load and less than 5% in the case that
only the body weight is present which is similar to the reported results in [74, 25].
Model complexity provides a more accurate solution; but, increases the time that the
numerical nonlinear solver needs to find a feasible solution. This is due to increased
computation time and highly nonlinear behavior of the model complexity.
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3.2.6 Sensitivity Analysis
An analytical model is beneficial for design by providing an efficient means for sen-
sitivity analysis and optimization of the system performance w.r.t. the structural
parameters. Here, we investigate the sensitivity of the predicted deformation pro-
files, the input pressure and deformation energy actions to changes in γ and E, as the
two important structural parameters in the design of stiffness controllable braided
actuators, by deriving the gradient of these values w.r.t. γ and E. The resulting
nonlinear relations are plotted for different values of γ, κ, λlp and E, showing the
sensitivity of the results in any geometrical action point and for any combination of
the other structural parameters.
For γ(ϕ) as in Fig. 3.16, the exact γ and the dense thread (γ = pi/2) models
sensitivity to a change in γ decreases as γ decrease and λlp increases. Unlike γ(ϕ),
the sensitivity of λrp(ϕ) to the change of γ increases by the increase in λlp and κ and
decrease in γ showing more sensitivity in pure elongation cases for a module with a
less dense braid. The model with simplifying assumption of γ ≈ pi/2 overestimates
the predicted values as observed in the previous sections.
The sensitivity of the deformation action, gas pressure action (Fig. 3.12.b) and
required pressure for a braided actuator to reach a certain elongation (Fig. 3.11)
to changes in γ increases for a more stiff actuator (increase in E) with a less dense
thread (decrease in γ) and in a pure elongation case (decrease in θ and increase
in λlp). The sensitivity of p decreases for a high bending angle cases while slightly
increases for the deformation actions. p and w are linear functions of E and their
sensitivity to changes in the module stiffness is similar to the graphs for p and w
where the values are divided by the value of E in our simulation (10 [KPa]).
The CG exact model which uses a simplifying assumption for γ, as in Eq. 3.17,
results in a highly nonlinear gradient w.r.t.γ which is not similar to that of the
exact γ model in Fig. 3.16. This is predictable as the simplifying assumption only
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Figure 3.16: (left six graphs) Sensitivity of predicted values of γ(ϕ) (γ(ϕ),γ) and (right
six graphs) λlp (λlp,γ) from different models to change in γ for different values of γ,
κ and λlp . The CG exact model which uses simple γ model shows highly nonlinear
sensitivity for different values of γ which is not similar to that of the exact γ model.
The model with dense thread assumption (γ ≈ pi/2) shows higher sensitivity.
holds for small values of γ and predicts greater changes in the sensitivity, similar to
the other models with similar simplifying assumption.
3.2.7 Discussion on Exact Modeling of Compound Contin-
uum Manipulator
First, cross-section deformation of a STIFF-FLOP chamber in terms of structural
and bending parameters using different methods is presented in Fig. 3.6 and 3.8.b.
The exact helix model predicts a bean like cross-section with small lateral deforma-
tions, and the constant γ assumption predicts a uniform shift in the cross-section
toward the bending axis. A larger uniform decrease in the cross-section is predicted
for the small lead angle assumption (γ ≈ pi/2). The most effective parameter on the
asymmetric deformation of the cross-section is the decrease in the bending angle (θ)
and the braid helix lead angle (γ), where the increase in the axial stretch (λlp) and
initial radius enhance these effects. The structural parameters have fewer effects
on the models with the constant γ and dense braid assumptions. The dense braid
assumption predicts a slightly smaller deformed radius compared to the model for
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simple elongation of a helix. These models are valid for γ > 80[deg], however, are
not recommended as they do not reduce the derivation complexity significantly.
The braided chamber cross-section deformations predicted by any of the models
are presented in Fig. 3.7. The elongation of a helix results in a small uniform
reduction of the radius and the constant γ assumptions added a small shift toward
the bending angle too. There is no lateral deformation in the exact helix model in
pure bending resulting in a heart shape deformed cross-section (Fig. 3.2) due to a
notable different twist angle at the start and end of each thread rounds. In general,
the braided chamber radius deformation is smaller than the cases without braids.
The experimental results for a STIFF-FLOP module are presented in Fig. 3.9 and
Fig. 3.10
The exact helix model assumes pure torsion of the thread cross-section which is
valid for a stiff thread similar to metallic springs. The bendable thread, i.e. sewing
threads, being use for many micro soft manipulators tend to follow the deformation
of the chamber body; hence, the constant γ assumption should work better with
them.
Next, we investigated the action predicted by the models. A considerable shift in the
cross-section toward the bending axis is observed for the CG simple bending model
(uniform shift), the GD planar models (egg shape) and the GD general bending
model(trapezoidal shape). The most realistic shift and overall deformation compared
to the experiment results are predicted by GD general bending model (Fig. 3.10).
As predicted, the constant γ model gives the best prediction of pressure vs. λlp for
one pneumatic chamber (Fig. 3.11). Despite that the results are very sensitive to
the identified value for E, we choose the model that shows a better agreement with
the behavior trends observed from the experiments. The results for the GD general
bending model shows to be very sensitive to the value of γ as can be predicted for
a spring.
The elastic deformation and gas pressure actions are shown to be very sensitive to
3.2. Exact Modeling of Compound Continuum Manipulators 97
the backbone elongation (λlp) compared to the bending angle (θ), showing the domi-
nance of the pure elongation effect over the bending for static modeling (Fig. 3.12.b).
Simplifying assumptions (fixed radius, dense thread, neglecting the chamber shells
and Euler-Bernoulli linear stress-strain relation), a results in the overestimation of
the actions values (up to three times).
A comparison of using different combination of the models for the pneumatic cham-
bers and the body shell with the experimental results shows that a combination of
GD general bending model for the body shell and the bending helix with constant
γ provides the best modeling accuracy as we anticipated from the previous observa-
tions (table 3.1 and Fig. 3.13). It is clear that the modeling accuracy increases by
using more realistic models for the deformation of the cross-section (13% less mean
error percentage). The results from the simple symmetric elongation and the fixed
radius chamber models can be more accurate if, instead of using the real measured
values, we identify the structural parameters by fitting the simulation results to the
experiment values.
Despite all the improvements from implementing the cross-section deformation mod-
els, the overall simulation accuracy is relatively low (up to 62% mean error and 38%
mean reference error). We showed 52-100% fewer simulation errors by using the
Cosserat rod model in the case of high external loading (EXP.2) where the com-
bination of the GD general deformation or planar assumption and the exact or
constant γ helix model results in a small 8% error, and the combination of the CG
symmetric elongation model and the helix pure elongation shows 10% error. (Fig.
3.14). The model error is less than 5% in the case that only the body weight is
present (EXP.3-I). The Hooke’s law for linear stress-strain relation used in Eq.2.20
can be substituted with a more realistic model, e.g. Neo-Hookean, Mooney-Rivlin or
Gent relations based on the CauchyGreen deformation tensor invariants for a highly
deformable material, in a future work, to further improve the modeling accuracy
[103]. However, it is hard to predict how much it may increase the model accuracy
due to the mentioned models’ highly nonlinear property.
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We observed that considering the cross-section deformation increases the simulation
accuracy up to 10% for the Cosserat rod model and 13% for the constant curva-
ture model compared to the constant cross-section models. The combination of the
geometry deformation method and bending helix model has the best result with
up to 2% more accurate results compared to the other models for the cross-section
deformation. The reference error percentage is used to compare the modeling ac-
curacy with similar research where we showed 38% error for the inverse relation in
the model with constant curvature assumption and body loads, 5% error for the
forward relation in the model with variable curvature assumption and body loads,
and 10% error for the case with extensive external loads. Our results comply with
the 5% error observed by the modeling errors reported in [74, 92] for the cases with-
out extensive external loads, while our models incorporate the information about
the cross-section deformation too. Our results suggest the importance of the cross-
section deformation in the modeling accuracy, which confirms its evident importance
for minimal invasive manipulation with small workspaces and for the manipulators
with regional controllable stiffness in their cross-section.
The sensitivity of local cross-section radius stretch (λrp(ϕ)), predicted pressure for a
certain elongation (p), and deformation and pressure actions (w) to changes in the
braid initial lead angle (γ) increase as the module elongates and for a less dense
braiding, while the sensitivity of the local lead angle (γ(ϕ)) w.r.t. γ decreases in
the same conditions. γ(ϕ) is not sensitive to the actuator curvature, p becomes less
sensitive and the sensitivity of w slightly increases as the actuator bends. The sen-
sitivity of λrp(ϕ) to γ for different bending angles is related to the polar position of
the points with decreasing sensitivity for the points on the inside of the bending
module and increasing sensitivity for the ones on the outside. The model is linearly
sensitive to changes in the module stiffness (E) as all the relations are linear func-
tions of this parameter. Models with more complexity or simplifying assumptions
about the thread lead angle predict higher values and nonlinearity for the model
sensitivity. This shows the importance of an accurate derivation for the models
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with increased complexity and avoiding simplifying assumption about the thread
lead angle to achieve robust results. The fact that the resulting predictions for the
system behavior and model sensitivity to parameters can be different for different
models show the importance of proper choice of model assumptions and complexity
level.
We believe our simple analytical model for the cross-section deformation can play the
same role as the constant curvature assumptions in providing a simple estimation
of the backbone kinematics, for the manipulators with a variable stiffness cross-
section. As a suggestion for a future research is to improve the model by considering
the material hysteresis and damping effects as well as incorporating adaptive terms
in the model to take into account for the changes in the material properties and
repeatability of experimental results as presented to some extent in [94]. For the
minimal invasive surgery applications with limited workspace, as the main aim of this
research, the tactile information from the continuum manipulator can be integrated
in the modeling and verification steps to investigate safe skin guiding of a robot
movements against soft organs where having information about the robot cross-
section deformation in contact with the tissue is beneficial.
3.3 Control Space Reduction and Real-Time Ac-
curate Modeling
Slenderness and compliance of most continuum manipulators make the external and
body forces important in the modeling of their behavior. In this section, we use VC
kinematics to relate a series-solution geometry in 3D space (∈ R3) to the strains,
curvatures and torsion (v, u) that are found from the Cosserat rod static model and
to calculate the PVW terms for the dynamic model. Besides, we show how to in-
corporate a feedback term, such as PID, in the controller design to deal with real
working disturbances and setup uncertainties in an inverse model. Eq. 2.2 is used
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to approximate the mechanical effect of the manipulator highly elastic deformation
in planar direction. To consider the effect of highly elastic deformation in the axial
direction, in this section, we update the material elasticity (E) and shear (G) mod-
ulus as E|Gd = E|G/λdˆ1 , where λdˆ1 is the local axial stretch [103, 84]. Following our
findings from the previous section, the pneumatic chamber cross-section is assumed
to be constant due to dense braiding [85, 120]. Dependent variables are functions of
space and time (s, t) unless specified.
3.3.1 Inverse Variable Curvature Mechanics: Beam Theory
For the inverse VC kinematics, where the manipulator geometry is known as ρ∗, we
use Frenet− Serret curvilinear frames with tangent (tˆ), normal (nˆ) and binormal (bˆ)
unit vectors. Here, bˆ expresses the direction of the local bending vector. The rotation
matrix to relate Frenet− Serret to Cartesian coordinates is R∗ = [nˆ, tˆ, bˆ], where
tˆ = ρ∗,s/|ρ∗,s|, nˆ = tˆ,s/|tˆ,s| and bˆ = tˆ× nˆ. Unlike curvilinear frames in the forward VC
kineamtics (R); for the Frenet− Serret frame in the inverse VC kinematics (R∗),
the frame local twist around tˆ is a combination of a physical geometrical twist due
to torsional stresses and a purely mathematical twist due to the side bending of
the modules based on the mathematical definition of bˆ. To cancel the mathematical








where Π is the post-multiplication operator, Rφ is a 3 × 3 rotation matrix around
jˆ, φκ = atan(
√
3(p2 − p3)/(p2 + p3 − 2p1)) is the angle of the bending plane due to
internal pressure in the local cross-section plane [20] and p is the pressures vector in
a pneumatic actuator [20] or tendon forces vector in a tendon driven design [4, 42].
Alternatively, for inverse model where no information about the actuator pressure
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values are known, from curvilinear coordinates we have
R∗r = R
T




The later relation assumes no physical twist , e.g. due to out of plan loads. Hence,
it may not be reachable and should be considered as an initial approximate guess
for an inverse problem. Unlike [74], There is no need for a transformation between
the segments.
The relationship of [v, u] with the loads is found from the system mechanical map
as in section 2.2.5. Here, R∗r is used where any transformation from the curvilinear
coordinates to the Cartesian, or vise versa, is needed. R∗r is used in inverse map for
path following tasks and nonlinear control, but not for the forward model. Here,
R is used in Eq. 2.20 for the mechanical map and in Eq. 2.16-2.17 to solve the
forward kinematic map. As mentioned earlier, the beam theory approach is suitable
for the forward spatial and time integration using an approximate series-solution as
ρ∗. In the equilibrium state, the geometry found from the forward kinematic map
(ρ) should match the guessed geometry (ρ∗), used for the inverse kinematic in the
mechanical map (ρ ≈ ρ∗).
3.3.2 Variable Curvature Dynamics: Principle of Virtual
Work
Among all possible changes in the states of a system, the system follows the one set
that minimizes the system action (w). This is known as the Principle of Virtual Work
or the Principle of Least Action. The spatial integration over the backbone from
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where dwi,q is the differential virtual work of the i
th action in each element derived
using the corresponding load (f) and virtual displacement (x,q) vector as dwq =
f.xT,q.
The gas pressure virtual work (dwp,q = Cp,qpds, where Cp = Cpv ,q + Cpu,q) is the
summation of the axial virtual work with
Cpv ,q = ap[1, 1, 1]
Tvdˆ1,q, (3.47)
and the bending virtual work is
Cpu,q = ap(rJdˆ2dudˆ2,q + rJdˆ3dudˆ3,q). (3.48)
The body shell virtual work (dwc,q = dwcv ,q + dwcu,q), including the actuators’
chamber body, is the summation of the axial virtual work
dwcv ,q = Edacdvdˆ1vdˆ1,qds, (3.49)
using the Euler-Bernoulli linear stress-strain assumption or
dwcv ,q = (E/6)acd((vdˆ1 + 1)
2 + 2/(vdˆ1 + 1)− 3),qds, (3.50)
based on the Neo-Hookean method assuming a symmetric uni-axial deformation
[85, 103], and the bending virtual work
dwcu,q = Kuduu,qds, (3.51)
using the Euler-Bernoulli assumption.
The virtual work of the gravitational body load is
dwb,q = σacgy,qds. (3.52)
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The virtual work due to an external force (dwL,q = CfL,qfLds) and torque (dwτL,q =
CτL,qτeds) expressed in the inertial frame and exerting at s = sL with 0 ≤ s ≤ sL
are
CfL,q = ρ,sq, CτL,q = u,q. (3.53)
A vector form for the body inertia virtual work can be found using the TMT
method [87]. Here, the position vectors in the Cartesian space (ρ) are mapped
to the state space (q) by T = [ρ,q ω¯]
T, where ω¯ is found by rearranging ω as
ω = ω¯q,t. The mass matrix for disk elements with an infinitesimal thickness is
dM = diag([ [1 1 1]ac Jd ])σds. Following the TMT derivations in [87], the trans-
formed mass matrix is
dMq = T
TdMTds, (3.54)
and the coefficient matrix for the velocity dependent terms is
dDm,q = T
TdM(Tq,t),qds. (3.55)
Then, we have ddm,q = dDm,qq,t, and the total inertial virtual work is dwm =
(dMqq,tt + ddm,q)ds.
The linear and angular viscous damping of the material is dwµ,q = Cµq,tds, where
Cµ = (,q)
Tdiag([µv µu]),q, (3.56)
where  = [v u]T, µv and µu are the material linear and rotational viscous damping
coefficient.
The vector form of the dynamic EOM in each element is
Acceleration︷ ︸︸ ︷
dMqq,tt +
Velocity Dependent︷ ︸︸ ︷
ddm,q+dwµ,q +
Conservative Actions︷ ︸︸ ︷
dwc,q − dwb,q (3.57)
= dwp,q + dwfL,q + dwτL,q︸ ︷︷ ︸
Non−conservative Actions
,
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which is integrated along the backbone curve at each time step. We use a trapezoidal
rule for the spatial and a 4th order Runge-Kutta method for the time numerical
integration.
3.3.3 Ritz and Ritz-Galerkin Methods
Direct single shooting, multiple shooting and concatenation methods are used to
find weak-form solutions for a BVP, in which the separation of variables method
is used to separate the time and space domains and makes the forward integration
possible. Using the direct single shooting method, an approximate series-solution
is assumed for the backbone kinematics (ρ∗) with a finite number of terms that





where c(t)i is a time dependent coefficient which is constant in the static case and
Ψ(s)i is a spatial shape function.
Based on the Ritz method for BVPs, widely being used in the finite element analysis
[121], Eq. 3.58 is substituted in the BVP equation, Eq. 2.20 for the static or Eq.
3.57 for dynamic model, and the coefficients (c(t)i), that approximate the BVP with
minimum error, are found. Numerical nonlinear solvers, i.e. Matlab ’fsolve’ function,
can be used to find the coefficients (ci) that minimize the approximation error in
the static case. The coefficients’ time series (c(t)i) are found from the time numerical
integration of the EOM in the dynamic case.
A better approximation is possible with the Continuous Galerkin method of weighted
residuals, known as the Ritz-Galerkin method, where the weighted residuals of the
system are minimized instead of the system function itself. The shape functions
(Ψ(s)i) are considered as the weighting functions (Wi = Ψ(s)i) for the Ritz-Galerkin
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WR(v + [0, 1, 0]T)ds, (3.59)
where W is the weighting matrix and each coordinate equation is weighted with
the shape functions of the same coordinate in the series-solution. In the dynamic
case, both sides of Eq. (3.57) is multiplied by (W.T ) to transfer the EOM from the
generalized state space (q) to the Cartesian state space and weight the equation for
each coordinate with the corresponding weighting functions.
Tunay used the Galerkin series-solution in a discrete finite element domain for nu-
merical simulation of the static deformation and inflation of continuum manipulators
in the presence of conservative forces. He achieved a two order of magnitude im-
provement in the computation efficiency compared to a common large deformation
finite element model. However, the choice of a 7-D linear shape function and the
discrete finite element approach make his method hard to be interpreted physically
and unsuitable for inverse mechanics, path planning, control and stability analysis.
Based on experimental observations, we present a continuous and easy to interpret
series solution where the coefficients of a series of Lagrange polynomial shape func-
tions are assumed to be the system states (q = c(t)) for optimization in the static
case or for time integration in the dynamic case. A Lagrange polynomial (ρ∗) is
fit to three points, at the manipulator base (ρ(0,t) = [x0, y0, z0] = [0, 0, 0]), middle
















, 0 ≤ m ≤ N, m 6= j.
where CΨ = diag([s/sj, 1, 1]) is a modification coefficient guaranteeing the manip-
ulator axis to be perpendicular at the base (tˆ0 = jˆ), the points’ position vector
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(q = c(t) = [x1(t), y1(t), z1(t), x2(t), y2(t), z2(t)]) is the constant coefficients in the static
model or the time dependent coefficients as the system generalized state vector
for the dynamic model, Ψj(s) is the shape function and W = [Ψ1(s),Ψ2(s)]
T is the
weighting matrix for the Ritz-Galerkin method.
3.3.4 Toward Nonlinear Control and Observation
A unified vector form for the modeling, nonlinear control and observer design, based
on feedback linearization method is derived. Defining the input pressure and exter-
nal load vector as the system states and adding algebraic constraints for the desired
controls to the system EOM, for Eq. (3.57) after the spatial integration, we have










 −dm,q − wc,q + wb,q − wµ,q
B
 , (3.61)
where A1 and A2 are matrices resulting from algebraic relations for the constraint or
desired controls, B is the desired and/or input value vector, qp, qfL and qτL are the
input pressure, external force and torque vector, introduced as system states. The
coefficient matrix is [3nq + 9]× [3nq + 9], A1 is a 9× 3nq and A2 is a 9× 9 matrix
and B is a 9 × 1 vector where nq is the number of states. A and B are adjusted
according to the required modeling, control and/or observation tasks and can be
switched easily to achieve complex control strategies. Eq. (3.61) is numerically
integrated w.r.t time by having the initial values for [q, qp, qfL , qτ ]. The control or
observation values for [qp, qfL , qτL ] is found by two times numerical differentiation of
the integration results w.r.t time, since they are already integrated twice alongside
the system EOM.
For simple forward simulation we have A1 = 0, A2 = I and B = [p fL τL]
T, where
I is the identity matrix. In the case of tip position control in the presence of
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external loads, we have A1(3nq + 1, nq) = 1, A1(3nq + 2, 2nq) = 1, A1(3nq + 3, 3nq) =
1, A2(3nq + 4 : end, 4 : 9) = I and B = [(ρtiph,tt + pid) fL τL]
T, where ρtiph,tt
is the desired tip position and pid is a PID or any other feedback control term.
Configuration control can be achieved by changing A1 to control the position vector
of any other intermediate point on the backbone.
Force control at the tip using the pressure inputs and for a known tip torque (τL) and
position profile (ρtip,tt) is possible by setting A1(3nq + 1, nq) = 1, A1(3nq + 2, 2nq) =
1, A1(3nq +3, 3nq) = 1, A2(3nq +4 : end, 4 : 9) = I for the tip vector position control
and B = [ρtip,tt (fLh + pid) τL]
T, where fLh is the desired force vector. For the tip
torque control (τLh), we have the same A matrix with B = [ρtip,tt f(τLh + pid)]
T.
Simultaneous force and position control is possible by fast enough switching between
different control scenarios or having a combination of non-overlapping force and
position directions to derive a proper control matrix set for.
Shape-based force estimation is possible by proper adjustment of the matrices. For
example, for the tip force estimation based on the tip position vector we have
A1(3nq+4, nq) = 1, A1(3nq+5, 2nq) = 1, A1(3nq+6, 3nq) = 1, A2(3nq+1 : 3nq+3, 1 :
3) = I, A2(3nq + 7 : 3nq + 9, 7 : 9) = I and B = [p (ρtip,tt + pid) τL]
T, in which
the known tip geometry is assumed as geometrical constraint and the PID term is
for numerical analysis error compensation, and not as a term for physical feedback
control.
3.3.5 Experimental Results and Discussion
The experimental setup, scenarios and structural parameters for the experiments in
this section are as in section 1.2. Note that a new higher value for the module of
elasticity (E = 205 [KPa]) is identified due to considering highly elastic deformation
in the axial direction (tˆ).
33 static points and 100 [s] dynamic motion recorded data of a module in planar
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Figure 3.17: Results for planar deformation of a STIFF-FLOP module with exten-
sive external load at the tip (EXP.2) in static case: (left) pressure inputs, external
force and torque at the tip; (right) tip position time series in comparison to experi-
mental results.
X [m]
Figure 3.18: Single shooting method iterations for steps 4 and 9 to solve the BVP
in the static case.
.
Figure 3.19: The tip position time series from simulation and experimental for
planar deformation of a STIFF-FLOP module with extensive external load at the
tip (EXP.2) in dynamic case with the same pressure inputs, external force and torque
at the tip as in Fig. 3.17
motion with extensive external load (EXP.2) and 43 static points and 200 [s] dy-
namic motion recorded data of a multi-segment manipulator in general 3D motion
with one active module (EXP.3-I) are used to verify the accuracy of our model.
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Figure 3.20: The tip position in task space for planar deformation of a STIFF-FLOP
module with extensive external load at the tip (EXP.2) in (top) static and (bottom)
dynamic case in comparison to experimental results.
Seven points from the static test are used to identify E and µv|u. Error is defined
as the distance between the tip position in the model and experiments divided by
the initial length of the manipulator as a reference length [74]. High external load
brings the manipulator to an ”S” shape configuration in the planar motion case
(Fig. 1.7). Iterations for the single shooting method to solve the BVP in the static
case is presented in Fig. 3.18. Using a polynomial of order three, an average 6% (≈4
[mm]) mean error is observed for the static model in the 2D ( Fig. 3.17) and 8%
(≈6 [mm]) in the 3D (Fig. 3.21.b) motion using both the Ritz and Ritz-Galerkin
method. For the Cosserat beam method, Our model shows to be at least twist faster
and as accurate as a numerical interpolation solution with the same number of nodes
[84]. Despite Tunay’s conclusion, a Galerkin solution that works fine in the static
case cannot easily be extended to a dynamic problem [99] and we found that the
Ritz-Galerkin solution in the dynamic case is not stable and results in large errors,
but the Ritz solution maintains a mean error of 20% (≈14 [mm]) in the 2D (Fig.
3.19) and 16% (≈12 [mm]) in the 3D (Fig. 3.21.c) case throughout the dynamic test.
The mean accuracy of the Ritz and Ritz-Galerkin solutions are similar in the static
case with no significant different in the simulation speed while the Ritz solution in
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the dynamic case is more accurate than for the static case, 14% in the planar and
8% in the 3D motion. This difference is due to large inertial effect in the dynamic
case which shows the need and importance of a more accurate damping model to
be considered in our future work. The simulation results for the tip position in task
space in comparison to experimental results are presented in Fig. 3.20 for EXP.2
and in Fig. 3.22 for EXP.3-I. The models are more accurate for lower input pres-
sures. Inaccuracy in the fabrication of the STIFF-FLOP module causes that the
experimental results show out of plane deformation in the z direction in the planar
motion and twist in the general 3D motion, despite a symmetric actuation strategy
and planar external force. This deformation is not captured in our model since any
term to model the parameters’ inaccuracy is not considered. Considering the effect
of the manipulator axial highly elastic deformation on the segments shear and elas-
ticity modulus results in a 6% increase in the model accuracy; however, a higher
value for the elasticity modulus is identified compared to the resultss in previous
section [85, 82, 84]. Our modeling results in the planar case shows to be the most
accurate solution compared to CC (31% error), PVW using CC kinematics (28%),
the Cosserat rod model (6-12%) and the approximate solutions similar to [92] (11%)
in the static case and compared to the lumped system model (22% error) in the dy-
namic case [84]. The series-solution with two points (four states in a planar motion
and six states in a general 3D motion) shows to be efficient and accurate enough
to predict the ”S” shape configuration of the manipulator under significant external
loads. However, simulations for general 3D motion of a multi-segment manipulator
with two active modules (Fig. 3.21.e) shows the different results from polynomial
of order four and five (Fig. 3.23). These simulations are not verified with exper-
imental results. This shows the importance of a proper choice for the polynomial
order, especially where the manipulator needs to perform in the confined maze-like
space of a minimally invasive surgery as the final goal of our research. Using Matlab
software on a regular laptop computer, the direct single shooting algorithm usually
takes about 2 [s] to find the equilibrium configuration for a single-curve formation
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and 3 [s] for a double-curve formation (”S” shape) in the static case, and almost
the same time as the actual experiment duration for the dynamic case. Compared
to the presented established methods in the literature, our method has the highest
static and a high dynamic modeling accuracy with exceptional real-time computa-
tional performance which shows the feasibility of real-time implementation of this
approach in real-world applications. Our weak-from solution provides a powerful
analytical means for sensitivity analysis of the model performance w.r.t. the system
parameters for structural design optimization. We observed that a slight change in
the module cross-section dimensions affect the accuracy by 2% similar to [82] while
a change in the stiffness module, i.e. not considering the elasticity reduction due to
axial highly elastic deformation, affect the accuracy by up to 6%. A detailed sensi-
tivity analysis, as in [82], can be carried out in the future to predict how inaccuracy
in the model parameters can affect the simulation results for a successful control
system design. This model is derived from a framework with coaxial homogeneity
in the manipulator cross-section and any other anomaly due to fabrication, aging
and fatigue with a stochastic nature will be compensated with a feedback control
term. These affects can be addressed using statistical approach and by incorporating
stochastic terms in the future control model. A precise forward model contributes in
increasing the stability, reducing the controller gains, better estimation of the sys-
tem states and compensation of measurement noises. After using the absolute error
for the verification and comparison of our model in the first step, the performance
of our model (Eq. 3.61) should be investigated for force estimation and control with
application in soft tissue palpation and stiffness imaging. A continuum manipulator
with 5-15 [gram-force] and 6-43% estimation error, achievable with STIFF-FLOP
modules [60], is shown to be successful in such tasks [122]. The controller repeata-
bility and durability are important for such tasks which can be address in a future
work.
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Figure 3.21: Results for general 3D deformation of a multi-segment manipulator in
static and dynamic case: (a) pressure inputs and tip position time series in (b) static





















































Figure 3.22: Tip position in the task space and simulation frames for general 3D
motion of a multi-segment manipulator with one active module in (EXP.3-I) in (left)
static and (right) dynamic cases.
3.4 Conclusion
In this chapter, supported by experimental validation using the real characteris-
tics of a STIFF-FLOP module base, we present a new geometry deformation ap-
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Figure 3.23: Tip position time series and simulation frames for a multi-segment
manipulator with two active modules in general 3D motion (EXP.3-IIs) in static
case with a modified Lagrange polynomial of order (top left) four (4-p) and (top
right) five (5-p). (bottom) The tip position results of the two modeling assumptions.
proach for comprehensive analytical modeling of compound continuum manipula-
tors with braided extensile actuators under high external loading. For the first time,
elongation-bending deformation of a braided extensile pneumatic chamber is mod-
eled for both the stiff (exact helix model) and bendable (constant γ assumption)
threads and the effects of simplifying assumptions on the results are investigated.
Subsequently, two novel yet simple analytical solutions are derived for the predic-
tion of the cross-section deformation in constant curvature elongation-bending of
a continuum media. The effects of different structural and curvature parameters
on the predictions of the models are investigated. We show that the energy action
values are more sensitive to the axial stretch of the backbone than the curvature of
the bending curve, and the model benefits from an accurate backbone model more
than the accuracy of prediction of the cross-section deformation. We also show that
consideration of the cross-section deformation increases the modeling accuracy sig-
nificantly for constant (up to 13%) and variable curvature (up to 7%) kinematics
using the principle of virtual work and Cosserat rod theory. We show the combi-
nation of the general bending model based on the geometry deformation approach
and the constant γ model for the helix gives the best set of simulation results which
is in agreement with our predictions, suggesting the importance of considering the
cross-section deformation in the modeling accuracy. The sensitivity of the models’
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prediction to changes in γ and E, as the two important structural parameters in the
design of stiffness controllable continuum modules with braided actuators, is inves-
tigated analytically, showing that our models can be used for comprehensive exact
modeling and design optimization of manipulators with compound structures espe-
cially for the minimal invasive applications where the task space is limited and for
the manipulators with regional tuneable stiffness cross-sections. Our results provide
a comprehensive insight in choosing proper modeling assumptions and complexity
to observe certain behaviors and achieve the desired accuracy.
Then, a modified Lagrange polynomial series-solution, based on experimental ob-
servation, was presented to produce a new technique for deriving the Cosserat rod
static and Lagrangian dynamic model of a continuum manipulator. Our approach
featured a small number of states (six in our analysis) which are the Cartesian po-
sitions of two points on the manipulator (at the tip and in the middle). We used
a direct single shooting method to solve the Cosserat rod static model and forward
numerical integration for the Lagrange dynamic model using the Ritz and Ritz-
Galerkin approaches. A unified vector form for the manipulator Lagrange dynamics
was derived using which the modeling, control and observation scenarios can be eas-
ily implemented by adjusting three control matrices and a vector for the desired and
input values. Noting the importance of considering highly-elastic axial deformations
of the manipulator, the Ritz method is found to be more accurate in dynamic cases
while the Ritz-Galerkin method is slightly more accurate in static cases. The final
model is compared with five other well-known models and shown to be the most
accurate and efficient approach with the smallest possible number of states, suitable
for real-time static and dynamic modeling and controller design. This method can be
used to control an integrable stiffness tunable interface for continuum manipulator
with application in medical robotics.
Our proposed approaches close the gap significantly between theoretical analysis and
real-world application of continuum manipulators in general applications. However,
the achieved improvements in the cross-section modeling accuracy and computation
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performance are still very sensitive to the modeling assumptions and need to be
verified with a higher fidelity model, e.g. finite element model, before being used for
manipulator optimization design. It is better to avoid a detailed cross-section model
for real-time and precise control tasks. That is why we continued with the simplest
model, that considers the cross-section deformation, to calculate the real stress-
strain values in our former model for the manipulator backbone. The presented
shape-function based backbone model is shown to be accurate and robust enough
for real-world applications; however, its stability and performance in 3D general
deformation of long manipulators with many segments are not thoroughly inspected.
The material visco-elastic behavior and the control saturation and delay are needed
to be investigated before putting our inverse nonlinear control structure in use in
the real engineering scenarios. Besides, from an analytical point of view, a proof
for the convergence of the proposed series solution with polynomial terms is needed
and should be investigated before making more general claims about this approach.
Most of these complexities are addressed in nature with an intelligent morphological
design and smart structures with controllable stiffness. In the next chapter, we look
into the jamming properties of a real fish skin scales to design and later exploit the
morphological computation power of a bio-inspired integrable helical interface for
stiffness control of continuum manipulators.
Chapter 4
Stiffening Continuum
Manipulators: A Low Hysteresis
Scale Jamming Interface
Abstract
Inspired by teleost fish scale , this chapter investigates the possibility of imple-
menting stiffness control as a new source of robots dexterity and flexibility control.
Guessing about the possibility of biological scale jamming in real fish, as the first
objective of this chapter, we try to understand the possible underlying jamming
mechanism of such a behavior in a real fish. We conduct experiments on a real
fish skin, encapsulated in a thin latex layer, in the unjammed and vacuum jammed
cases for compression, bending and bulking scenarios. This shows a biological scale
jamming, with very small hysteresis, reduction in the damping and increase in the
elasticity of the jammed skin, due to the unique scale morphology and jamming
pattern. Inspiring by this unique morphology and helical arrangement of the fish
scales, a novel idea of geometrical scale jamming is presented to control the stiffness
of a continuum manipulator, as the second objective in this chapter, by controlling
the Coulomb friction force, modeled by LuGre friction model, between curved rigid
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scales that are arranged as an integrable helical interface. Jagged contact surfaces
replicates the biological scale morphology and jamming pattern to achieve the same
low hysteresis behavior. First, a low stiffness spring is used as the backbone for a set
of round curved scales to maintain an initial helix formation while two thin fishing
steel wires are used to control the friction force by exerting tension. The challenges
with a long design and local stiffness regulation are addressed through removing the
backbone, addition of bearing to minimize the tendon-pathway friction and use of
shape memory alloys (SMA) for more uniform and locally controllable actuation.
The interface is integrated on a pneumatic continuum actuator module and the ef-
fectiveness of the designs are shown for uniaxial elongation and bending deformation
tests through mathematical modeling and experiments and the results are compared
with similar research. To evaluate our objectives in this chapter, the manipulator
tip bending stiffness controllability and range, as the two commonly used factors
for evaluating a continuum device performance in medical applications, is compared
with the requirements of minimally invasive surgeries and catheter medical devices.
We showed the importance of tendon-pathway friction and the advantages of using
SMA actuators on the uniform actuation and the local stiffness regulation. The spe-
cific design of contact surfaces enables full lubrication of these surfaces for reduced
hysteresis and wear while it benefits from the tunable stiffness through jamming.
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4.1 Introduction on Bio-inspired Scale Jamming
Fabrication of variable stiffness material [111] and variable stiffness soft manipula-
tors, mostly inspired by octopus arms [28], as well as wearable robots have been
widely investigated recently. They have numerous applications specially in soft
surgeries where their deformable structure is beneficial to improve manoeuvrability,
control and sensing [123], with less invasive interactions with organs [34, 110, 35].
4.1.1 Stiffening Through Jamming
Similar to Turgor Pressure, where the plasma membrane is pushed against the cell
wall due to water pressure in a plant cell, [124, 125], the idea of jamming has
been used to design variable stiffness endoscope for medical applications through
increasing the friction in-between rigid segments [126, 57, 127, 128, 129, 130, 131,
132, 133, 134, 135], granular media [34, 136, 137, 138, 139, 40, 26, 140, 141], layers
[33, 142, 61, 143, 144] and wires [58, 145], on which a through review is recently
presented by L. Blanc, et. al. [21]. Granular jamming, being investigated more
widely in the recent years due to their flexibility and easy implementation on different
design, has been utilized in design of flexible manipulators [34, 110, 26] and also
variable stiffness joints [34, 35]. As an instance, Cheng and co-workers [34] have
obtained a wider stiffness range than Jiang and co-workers [110] through granular
jamming for a soft manipulator.
Most segment locking designs are driven by tendons and the vacuum or internal pres-
sure are used mainly for other types of jamming. J. Santiago and co-workers [146]
presented a new scale layer jamming design with a wire driven actuation method
without any pneumatic actuation. A tendon driven jamming is more suitable for
micro-scale fabrication and have new applications such as in-space exploration where
pressurization is not possible. However, the routing and tendon-structure friction
are the problems with this type of actuation [130]. Granular jamming apparatus is






Figure 4.1: (a) Skin sample surgery location on a Cyprinus carpio fish, helical my-
otome attachment sites and overlapping scales in relaxed state, (b) top and side view
of a real scale used in the experiments, structural fibers are visible as in [148], (c)
side view of the experimental sample skin without scales, open space after removal
of the scales and the intermediate skin preventing direct contacts of the scales.
bulky and not appropriate for wearable applications. Layer jamming, which recalls
the bird feathers, has the problem of design, fabrication and modeling, despite being
the only suitable choice for an integrable and wearable interface. Their bulky design
and low deformability, due to their multilayer structure, necessary for the jammed
layer to resist buckling, and the long flap length, required to achieve large defor-
mations, are the problems with this type of jamming design [147, 61]. It is hard to
implement local stiffness control with most of jamming designs. The hysteresis loss
is also inevitable in this kind of stiffening. In this chapter, we investigate how a stiff-
ness controllable interface can be designed by taking inspiration from natural scales
of the teleost fish. An interface has the advantages of easy integration on different
designs with minimum added complexities due to separate design and actuation
path, enough space inside to accommodate the actuators and other necessary tools
and possibility of directional stiffness control by inhomogeneous modulation of the
stiffness along the manipulator circumference.
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4.1.2 Biological Scale
As a biological instance for wearable stiffness controllable interfaces, animals’ skins
and scales in nature show stiffness regulation in response to irritation or penetrating
forces. Many animal species such as fish, turtles, armadillos and snakes have hard
scale or osteoderms as flexible armor and a means of friction regulation in contact
with the environment [29]. It is necessary to distinguish the scales protection role,
by understanding their structure, to be able to investigate their possible stiffening
effects. Mechanical properties of scale as a biological composite material is optimized
toward its specific tasks providing unique natural features such as unusual stiffness,
toughness and strength [149, 150]. The scales contain a bony mineralized tissue
reinforced with an underlying collagen fiber matrix and covered with a six times
stiffer thin layer as hardening material for the outer surface and provide an effective
fracture mechanism for protection against predators [151, 29, 152, 153] (Fig. 4.1).
It complies with the engineered composite material observations where a reinforced
structure presents higher toughness if covered with a hardened thin surface [149].
The scale structure consists of multiple distinct composite layers with their unique
deformation mechanics [152]. The fracture begins with sudden cracks in the outer
harder layer but the softer underlying layer, which is 1000 times less stiff than the
scales in the case of collagens of a fish skin, prevents the cracked sides to bend inward
resulting in a more stable fracture process with a %50 higher penetration resisting
force [29]. A key observation made by Chintapalli, showed that hard finite com-
posite scales of hexagonal shape embedded in a 1000 times softer subtract (similar
to the biological case of scales and tissue system), provides 70% higher penetration
resistance compared to a continuous plate of the same materials and thicknesses.
This increase in the penetration resistance is because of the reduced span of the
continuous media, that allows the scales to move relatively to adjust to the stress
concentration, resulting in flexural stress decrease and fracture delay [154]. The
scale properties such as angular and overlapping arrangement, aspect ratio, mate-
rial properties, curved extruded geometry, tip overlapping and volume fraction of
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Figure 4.2: (a) Curved scales on a low stiffness spring backbone, inspired by helical
arrangement of interlocking scales in real fish, as stiffness controllable integrable
interface for a continuum manipulator, (b) sample application of a scale jamming
interface on a STIFF-FLOP continuum manipulator.
the scaled area affect its deformation and are important protection characteristic
parameters [155, 156].
Chemical compound of fish scales, especially the surface material, have been in-
vestigated to better understand the scales’ different directional friction coefficient
in snakes [157] and the turbulent-flow regime drag reduction effects due to riblet
overlapping structure in fish, i.e. shark [158]. Fish scale properties differ cosider-
ably from one point to another on the animal body and are very sensitive to the
hydration level. The dried scales have almost the same stiffness and flexibility which
means the natural softer scales in the hydrated state, i.e. the tail scales, are affected
more by the moisture loss [159]. While in the hydrate state, the elastic modulus and
strength of the head scales are twice as those properties for the tail, these values are
almost equal for the fully dehydrated state [160].
4.1.3 Toward an Integrable Scale Jamming Interface
Wall [33] and zuo [143] have investigated scale-like jamming recently. In [33], the
rigid scales, implemented on a soft silicon base, are packed together in an inclined
orientation which minimizes their resistance since part of the external pressure works
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in favor of the tension. Besides, multiple overlapping layers are needed to achieve
high enough stiffness due to the soft silicon base. In [143], rigid scales, with jagged
contact surfaces for increased friction, are integrated as an external layer on a hard
backbone which makes it the most similar design to our work. Similar to layer jam-
ming [147, 61], both of these designs suffer from large hysteresis and low deformation
range due to the bulky volume of the overlapping scales and short size of the straps.
In this research, a new simpler design is presented by taking inspiration from the
role and special helical arrangement of scales in flexural stiffness of real fish and
snake skin [148] (Fig. 4.2). First, we choose Cyprinus carpio scales, as a good
example of the most common type of teleost scales in modern fish species [29, 153],
to conduct experiments on the jamming characteristics of real fish scales (Fig. 4.1).
Then, a novel stiffening design is introduced in which 3D printed curved scales
with jagged contact surfaces are placed in a helical formation. The stiffness of the
interface is controlled by scale jamming that resists the torsion shear force of the
helical structure. The inclination of the jagged surfaces is chosen to be smaller
than the contacting material coefficient of friction that mimics the functionality of
biological scale special geometry. The ultimate goal is to design a wearable interface
(exoskeleton), consisting of rigid interlocking (jamming) elements (scales), for easy
integration on different continuum manipulators. Here, the interface is designed and
tested based on a continuum manipulator consisting of some STIFF-FLOP modules
as our basis. While the design performance is important, our main goal is to test and
identify the potentials and limitations of such bio-inspired design, and to provide
insights and suggestions for a successful final product in the future.
As a result, for the first time in a jamming design, a very low hysteresis is achieved
even for the case of plastic deformations. Placing the scales in a helix formation
guarantees their face-to-face contact even in large deformations despite their small
size and an easy to integrate low volume design. For the first time in jamming re-
search, the stiffness of the structure is controlled through modulation of the resisting
shear torque acting on the helix cross-section, and not through the resisting shear
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force that withstands the normal stress due to the manipulator bending. Three
actuation designs are presented as follows.
1. Tendon driven jamming through radial force.
2. Tendon driven jamming through tangential force.
3. Shape memory alloy (SMA) actuated design.
A detailed explanation of the designs are presented in section 4.3. To our best knowl-
edge, a design featuring these ideas was not previously investigated for stiffening
purposes in robotics. To model the scaled helical spring, the theoretical background
already existing for the helical springs under eccentric loading [12,13] is used base
on variable curvature kinematics for a constant lead angle (γ ≈ cte.) helix, LuGre
friction model for a smooth transition between static and dynamic friction models
[161] and Principle of Virtual Work. A single STIFF-FLOP continuum actuator
is used to verify the stiffening property and shape locking of the scales in bend-
ing. A sample scale interface and its integration on a STIFF-FLOP multi-segment
manipulator are presented in Fig. 4.2.
In this chapter, first, a series of experiments on a real fish skin sample is carried
out in section 4.2. Different bio-inspired designs for the scale jamming interface are
explained in section 4.3. A new two-step mathematical model is proposed in section
4.4, where the stiffness tensor for the elements along the manipulator backbone
are found using the Principle of Virtual Work (PVW) for the rounds of scales in
each element, followed by the jamming model for the jagged contact surfaces. The
experimental results are discussed in section 4.5 where our model is verified for the
simple elongation and bending tests of the tendon driven design with a low stiffness
spring backbone (case 1). The shape locking and increase in the bending stiffness of
a STIFF-FLOP module, challenges with long continuum manipulator designs and
integration on cylinders with different radius are investigated as well. Finally, the
advantageous and shortcomings of the proposed designs are addressed in comparison
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with similar recent research in section 4.6, followed by a conclusion on this chapter
in section 4.7.
4.2 Biological Scale Morphology and Jamming
We choose Cyprinus carpio scales in our experiments which is a teleost scale com-
monly used in similar research [29] (Fig. 4.1). Theoretically, the stiffness of a
biological tissue with scales should change from the low stiffness of the underlying
soft tissue (almost negligible) in the unjammed state to the rigidity of the scales
(E ≈ 850 [MPa], σyield ≈ 30 [MPa] [29]) in the fully jammed state. However, the
maximum value of the stiffness is determined by the inter-scale coefficient of friction
which is very low because of the intermediate skin that prevents the direct contact
of the scales (Fig. 4.1.c).
A 62.55×50.14 [mm] (width× length) sample of the skin with 4 by 7 arrangement of
the scales is cut and sealed in a low stiffness latex glove (Fig. 4.4.a). The scales have
an average size of 21 × 19.5 [mm] and the overall sample thickness (including the
latex glove layers) is 1.06 [mm] with three ovelaping scales. The sample is placed
in a force measurement setup with an ATI Nano-17 force sensor (Fig. 4.3.a,b).
Three cycles of test with stroke of 10 [mm] are carried out in quasi-static condition.
Experimental data are collected at 0.01 [s] intervals and smoothened using Matlab
software ’smooth’ function based on a moving average filter with the step of 15.
The sample is tested for uniaxial compression (Fig. 4.3.b), simple pure bending
(Fig. 4.3.c) and bulking (Fig. 4.3.d) each in two rounds, one with a large more
realistic bending curvature (Fig. 4.4) and one with a smaller (Fig. 4.5) bending
curvature. Scales are placed on the bent inward direction and the reported results
are the change in the blocking force, stress at the sample root and equivalent modulus
of elasticity in the jammed (vacuumed) and unjammed states. Scales do not jam if
placed on the outer side of the bent as seen in the bulking test results (Fig. 4.4).
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Figure 4.3: (a) The experimental sample of the fish skin enclosed in latex rubber
layer before and after uniaxial compression tests, (b) schematic of inclined stacked
arrangement of the scales and real test setup, (c) axial compression test schematic
and test setup, (d) bending test schematic and test setup, (e) bulking test schematic
and test setup.
The results of the first test cycle, which we call the warm-up cycle, are noticably
different from the next cycles and hence, are neglected. The latex glove contribution
in the jamming due to capillary forces is neglected too. The elasticity modulus is
found based on a simple Euler-Bernoulli beam model.
The test results are presented in Fig. 4.4. The scales in the axial compression test are
jammed with a noticeable 80% increase in the resisting force which reaches up to 2
[N] for a 10 [mm] stroke, only after a large low friction sliding deformation (strain≈
0.4) and by getting to the physical limitation of their underlying tissue. At this
point, the inclined colagen fibers become nearly perpendicular to the compression
direction and five scales are overlapped. The dermis and myotoms fiber helical
arrangement helps preserving a small stiffness over a large uniaxial deformation,
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providing large deformabality with small stiffness change. This usually damages the
tissue irreversibly as shown in Fig. 4.4.a. The jammed media stiffness is decreased
in the first 4 [mm] displacement as a result of perfect alignment of the jammed
scales with a very small friction coefficient. In this region, the scales slide in parallel
rather than stacking in an inclined formation. The stiffness is increased quadraticly
afterwards. The jamming starts and amplifies as soon as the scales ramp up and
constitute an inclined stacking formation. The skin dermis natural limit and the
hysteresis value, observed here, are anticipated to be proportional to the sample
length due to the repetitive structure of the tissue and the scales’ number. However,
it will be harder to achieve perfect axial deformation in a long sample as the thin
tissue tends to bulk (bend out of deformation plane).
The jamming is not noticeable in the simple bending test, where the bending neutral
axis is aligned with the skin and, similar to the simple compression test, only the
atmospheric pressure is pushing the scales together. The most realistic deformation
is the bulking test since the natural scales are attached with an offset from the fish
vertebrae as the neutral axis of body curvature is bending and undergoes longitudinal
as well as bending deformations.
The longitudinal deformation amplifies the jamming by pushing the scales against
the inclined stacking formation of the jamming state. The scale jamming limits
the skin curvature as well as preventing penetration by stacking together. Similar
to the compression test, an 80% increase in the stiffness is observed in this case
but with a smaller ≈ 0.65 [N] resisting force and in a reversible manner with lower
hysteresis due to the smaller deformation (5 [mm] stroke). Bulking test for a longer
10 [mm] stroke (100 [1/m] curvature) and different vacuum pressure (Fig. 4.5)
shows a smaller 18% increase in the resisting force due to jamming with 1.55 [N]
maximum resisting force and 1.1 [MPa] maximum root stress value. This shows
that for a larger curvature value, the stacking formation is more important than
the vacuum pressure on the maximum resisting force value. The maximum stress in
this case is about 3.6% of the scale structural yield stress (≈ 30 [MPa] [29]) showing
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that the inter-scale friction coefficient determines the jamming yield stress. The
small inter-scale friction reduces the hysteresis, but results in immediate sliding of
the scales where only the dynamic friction coefficient is important. A linear stiffness
is observed w.r.t. curvature and vacuum pressure. Comparing the results from the
compression and bulking tests suggests that the stiffness increase in the bulking is
mainly due to the inclined stacking formation of the scales.
It seems that the scales are designed for not jamming together, because a multi-
layer armor with small inter-layer friction, 1000 times less than the scale stiffness,
results in a 50% increase in the protection against penetration [29]. However, a
linear low hysteresis jamming behavior with good reversibility is observed which
results in 18-80% increase in the stiffness mainly due to the inclined stacking for-
mation of the jammed scales. The linear reversible jamming, due to low friction
coefficient and inclined staking formation, and the helical formation, that preserves
the stiffness in a large deformation, can inspire a design for jamming media surface
and arrangement to achieve the same linear reversible performance for a large de-
formation range. These are beneficial for the design of an integrable interface for
continuum manipulators. However, this is not clear if the jamming actually happens
for a real fish, and if so, what causes it. As a guess, the fish may use the myotome
attachment fibers (similar to our tendon driven design) and the inter-layer dermis
for active jamming and external hydrostatic pressure due to swimming depth or
turbulent flow hydro-dynamic pressure as means of passive jamming.
4.3 Bio-Inspired Scale Arrangement and Design
In this chapter, we propose a scale jamming interface, for axial and bending stiff-
ness control of a continuum backbone, by controlling the torsional stiffness of a
helical interface cross-section through inter-locking (jamming) of a finite number of
contacting rigid elements (scales). The interface is consisting of a high number of
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Figure 4.4: The experimental results of vacuum jamming for a real fish skin sample:
deforming force (f), maximum stress (σMax)and equivalent Euler-Bernoulli beam
Young modulus (E) vs. linear deformation (x) and bending curvature for compres-
sion, simple bending and bulking tests. Tests are carried out twice with the scales
on the inward side of the bend and once, on the outward side of the bend.
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Figure 4.5: Results for bulking test (Fig. 4.3.e) with large deformation and dif-
ferent vacuum pressure, resisting force (fTips) vs. curve hypotenuse deformation
(xTips); maximum force between the bulking tips (fTips), stress (σRoot−max) and
Euler-Bernoulli equivalent beam elasticity modulus (ERoot−max) vs. vacuum pres-
sure.
articulated joints aligned with the helix cross-section (cross-section of the helical
thread, Fig. 4.6). The helical interface provides large axial and bending deforma-
tions and regional and directional stiffness controllability by having multiple points
of stiffness adjustment on each ring of the helix.
The inclined stacking geometry of jammed biological scales is exploited to introduce
a geometrical jamming design. Tendons are used to jam the jagged surfaces of two
scales with carefully selected slope angle that replicates the stacking of the biological
scales in jamming. The contact surfaces push together and move apart by sliding
up the slopes as a result of any relative rotation of the helical cross-section. This
results in an increase in the jamming friction and wire tension. The tendon initial
tension controls the stiffness by regulating the normal force acting on the surfaces
and adjusting the pre-tension of the wire that undergoes a further tension due to
the relative upward movement of the scales as in Fig. 4.6.c,f. In contrary to the
conventional friction based jamming, our design benefits from reversiblity, higher
stiffness range, low hysteresis and small surface wear. In a geometrical jamming,
contact surfaces can be lubricated for better reversibility and smooth operation with
the same stiffening properties.
It should be noted that biomimicry is not the objective of this study. Rather, we
aim to test the hypothesis that contact friction/locking control using scales is a















Figure 4.6: (a-c) Bio-inspired inter-locking scale designs with tangential and (d-
f) radial jamming force, (a,d) scale design with two jagged contacting surfaces on
both ends and a central hole for passing the actuation tendon and a low stiffness
spring backbone if needed, (b,e) helical arrangement of the scales while the tendon
is passed through their central hole pathway and (c,f) jagged contact surfaces in-
spired by inclined stacking formation of natural scales. Relative axial (for the scales
with tangential jamming force) and radial (for the scale with radial jamming force)
movement and increasing tension in the wire due to relative slip of jagged surfaces
between two scales (white and blue) in c & d. The jagged surface in the design
with tangential force has 16 teeth with 0.5 [mm] height and 35 [deg] slope on a
flat surface. The jagged surface in the design with radial force has 9 teeth with 1
[mm] height and 72 [deg] slope on a 40 [deg] cone-shape surface in d-f. While a
low stiffness spring backbone is not necessary for a design with tangential jamming
force, it is necessary for a design with radial jamming force to withstand the tendon
radial force.
viable method for stiffness control of exoskeletons for soft robots. However, such
design may be useful to uncover or test hypotheses about the operation of biological
structures [162, 68, 69]. Three scale designs are presented.
1. A scale like design where the reduced length of the wire due to the tension
results in a radial force that pushes the scales together (Fig. 4.6.d).
2. A helical scale with smaller circular contact surface, with no need for a low
stiffness spring backbone, where the tangential force resulting form tensioning
the wire pushes the surfaces together (Fig. 4.6.a).
3. A similar helical scale but with an actuation mechanism based on SMA.
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The helix cross-section and the jagged surface should withstand the torsional force
for preserving the shape of a STIFF-FLOP module, a uniform moment of pmaxpir
2
p1ro =
26.5 [Nmm] and axial force of 3pmaxpir
2
p1 = 8.8 [N] due to actuation of the three
pneumatic chamber with pmax = 1.5 [bar] pressure. The helix cross-section mini-
mum area is set to be aj = pi(r
2
j2 − rj1) = 20 [mm2] (a tube with inner radius of
rj1 = 1.1 [mm] and outer radius of rj2 = 2.75 [mm])) which provides a factor of
safety of 2(0.0265 + ro × 8.8)/(ajσyield(rj1 + rj2)) = 23 for the Acrylic plastic with
yield stress of σyield = 33 [MPa]. This area provides the necessary space for the
jagged surface and the necessary high stiffness interface while jammed.
The jagged surface should provide a non-self-locking contact that is jammed by
controlling the contact surfaces’ normal forces and slides freely when is not jammed,
withstand the locking force and provide necessary angular resolution for general
configuration locking with having as small and as many as possible teeth. In theory,
a helical interface, with thread cross-sectional pure torsion, follows any configuration
of an enclosed continuum manipulator (continuum backbone) by changing the cross-
sections’ relative polar angle. The relative polar rotation is accumulated along a scale
and results in a large sudden rotation of the joints in our interface design with finite
number of joints. The interface is able to follow any configuration as long as the
large enough number of small jags are implemented at the joint cross-section. The
slope should be less than tan−1(0.2) = 11 [deg] (for static coefficient of friction of 0.2
between two acrylic plastic surfaces) in theory to prevent scales from self-locking,
where the slope angle is greater than the static friction coefficient and the surfaces
does not slide relatively if pushed against each other, but this value is greater in
reality because of wear of the small jagged design and wax (3D printing process
support material) residue.
The total jagged area should be more than 2(0.0265+ro×8.8)/(σyield(rj1+rj2)) = 0.86




2 × 86e−8) = 34 teeth are possible to implement with a height of
0.17 [mm]. The number of teeth multiplies by the teeth height should be more than
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Figure 4.7: (a) Loads and kinematics of a ring segment with three scales, (b) VC
kinematics and Cosserat rod method parameters for the continuum interface. The
details of the jagged contacting surfaces, as in Fig. 4.6, are not implemented in this
figure.
34 ∗ 0.17 [mm] for any other number of teeth. The teeth are small and wear rapidly
for such dimensions in our real 3D printed scales. The final values are chosen based
on these values and experimental trials. Besides, the contact surface is modified as
a cone to increase the contacting area and teeth strength.
4.4 Scale Jamming Interface Mechanics
Local stiffness regulation along a continuum manipulator backbone enables simul-
taneous task space impedance and configuration control as well as disturbance re-
jection. We propose a helical interface consisting of 3D-printed scales with four
stiffness tunable rotational joints in each full turn with and without a low stiffness
spring backbone. Each full turn adjusts the stiffness coefficient matrix of an element
along the continuum manipulator backbone by the actuation of stiffness controllable
joints. Castigliano’s method is used to model the helix stiffness matrices (Kv and
Ku) in Eq. 2.20 to be used for the manipulator VC kinematics (Fig. 4.7.b).
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Figure 4.8: Deformation regions and definition of equivalent stiffness in a jamming
media.
4.4.1 Helix Variable Curvature Kinematics
Exact and simplified kinematics of a constant curvature bending helix is presented
in section 3.2.2. Assuming no axial twist, for the geometry of a helix (ρh) with
variable curvature backbone we have
ρh = R.R(2,ψ).[rh 0 0]
T, ψ = 2pinhs/l, (4.1)
where Ri,x is a standard rotation matrix of x around the i
th axis, nh is the number
of helix turns and l is the backbone initial length. Local helix lead angle (γ) can be
found from the above equation as in the section 3.2.2, although its effect is neglected
here.
4.4.2 Interface Stiffness Model
The load-deformation plot for jamming designs usually consists of an elastic defor-
mation followed by a plastic one with two distinctive stiffness coefficients (slopes of
the ntˆ−∆l curve in Fig. 4.8), kE for the fully jammed state (elastic region) and kP
for the case when the jammed media begins to slide (plastic region). This means the
stiffness is not controllable continuously. For the first time, we introduce an equiv-
alent stiffness as in Fig. 4.8 for continuous stiffness modulation with such a design.
We assume no torsion (mtˆ ≈ 0) and shear forces (nnˆ = nbˆ ≈ 0) on the manipulator
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cross section (infinite shear modulus assumption) and helix lead angle to be γ ≈ cte
with relatively small changes due to the backbone deformation. Hence, based on
the free body diagram (Fig. 4.7.a) we have mh = R
T
(2,ψ).([rh 0 0] × n + m), where
subscript ( h) is for the helix curvilinear frame, m and n are the moment and force
respectively, rh is the helix mean radius, ψ is the planar angle around tˆ axis and
C|Sx = cos|sin(x). The scale body and the joint act as a series of elastic elements.
Using the principle of virtual work, the differential virtual work for the ith scale in








/(2EJ3) + (mh1 + τyi)
2/(2EJ1))dξ,
where dξ = rhdψ, psc is the number of scales in a full turn, τyi is the yield resistance
torque of the ith joint, E is the modulus of elasticity and Ji is the second moment
of inertia around the ith principle axis of the scale and spring backbone system. For
the ith joint we have
wji = wEi + wPi + wµi , (4.3)
wEi = (mh1(ψi) + τyi)
2/(2kE),
wPi = (mh1(ψi) − τyi)2/(2kP),
wµi = τyi(mh1(ψi) − τyi)/kP,
where wEj is the virtual work for the elastic deformation, wPj is the virtual work
for the plastic deformation and wµj is the virtual energy dissipated by the joint
friction. The total energy of each element is w =
∑nsc
i=1(wsci + wji). For  = [v, u]
and equivalent stiffness of the element (Kv|u), using Castigliano’s method, we have
v = w,n, u = w,m and
Kv = diag
−1(v).n, Ku = diag
−1(u).m, (4.4)











Figure 4.9: (a) Force distribution on a scale and (b) jagged surface. The surface is
flat in our model.
where v, u and K are functions of τy and f = [n,m], and for each scale we have the
following piecewise rule.
• Elastic region (mh1(ψi) ≤ τyi and νj = 0): the terms resulting from wPi,n|m and
wµi are neglected, and τyi = 0 in all other terms.
• Plastic region (mh1(ψi) > τyi or |νj| > 0): [n,m] = 0 in the terms resulting
from wEi,n|m and wsci,n|m.
νj is relative velocity of the surfaces in plastic deformation. Eq. (4.4) is rearranged
to find τy(f,) and τy(f,K) for stiffness planning and control. The resulting equations
for (τy) are not independent, since the scales are arranged in series and the axial
and bending stiffnesses cannot be controlled simultaneously. Using the symmetry
in a formation with four scales in each turn, the element axial stiffness is controlled
by τyi = τy(f,kv
tˆ
) and for the bending stiffness control we have τy1 = τy3 = τy(f,ku
bˆ
)
and τy2 = τy4 = τy(f,kunˆ ). Then, the stiffness matrix is found from Kv|u = Kv|u(f,τy)
and used in the beam theory mechanics. kE|P is a function of the joint material and
design.
4.4.3 Jagged Contact Surfaces Model
The joint is 3D printed as a part of the scale with the same stiffness modulus.
Hence, terms with kE in Eq. 4.3 are neglected in this case. However, the jagged
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surface slope angle (α) and the engagement of the actuation tendon in the plastic
deformation should be considered to calculate τyi , kP and to model the return cycle
hysteresis. Any backlash between the teeth in the jagged surface, Coulomb friction
and viscous damping cause further resistance and hysteresis.
The acting force on the contact surfaces is the tendon tension (ft) for the scale
design driven by the tangential force, or the tendon radial force (fr = 2ftS(φsc/2)) for
the scale design driven by the tendon radial force (Fig. 4.9.b). The tendon tension
reduces by ffh for any scale due to friction with the routing path. We assume the
wire tension to be constant along each scale to avoid solving a first order differential
equation for ffh. Cosequently, from the scale geometry (Fig. 4.9.a), we can achieve
the equations below for the ith scale
ffhi = friµtrhφsc, fri = (2fti−1 − ffhi)S(φsc/2), (4.5)
→ ffhi = 2fti−1µtrhφscS(φsc/2)/(1 + µtrhφscS(φsc/2)),
where µt is the routing friction coefficient per unit length. The tension force at the
ith scale (fti) is
fti = fti−1 − ffhi−1 + ftk, (4.6)
where ftk is the extra tendon tension due to the wire elasticity, explained in Eq.














This shows that the tendon effective tension reduces along the scales, resulting in
a less stiffness at the tip. The LuGre friction model is used to calculate the jagged
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surface Coulomb friction coefficient (Cj) and the friction force (ff) as [161]
Cj = sgn (νj)
(
µD + (µS − µD) e−(νj/νj0) 2 + σj |νj|
)
, ff = fNCj. (4.8)
Based on the force equilibrium in the direction of the inclined surface (Fig. 4.9),









, τyi = rjfj, (4.9)
where sgn is the sign function, Cj is the Coulomb friction coefficient form LuGre
model, νj = rjψj,t/(S(α)) is the relative slip velocity along the slop surfaces, ψj and
ψj,t are the joint rotation angle and angular velocity based on the module [v, u],t,
rh is the scale curve radius, νj0 and σj are the LuGre model Stribeck velocity and
viscosity coefficient respectively. The joint yield torque threshold in the piecewise
rule (4.4.2) is found from Eq. 4.9 for νj = 0.
The joint elasticity in plastic deformations (kP) is resulted from relative upward
movement of the contact surfaces along the inclined jags. ftk = kt∆lt is the extra
tendon tension due to the wire elasticity (kt = Etlt/at) and the relative movement
(∆lt). lt is the total tendon length and ∆lt is the cumulative relative upward move-
ment of all the joints for the tendon driven design (∆lt = rj cot(α) Σi∆ψi), where the
tendon is connected to the last scale and any extra tension at any point propagates
along the whole tendon. On the other hand, for the SMA actuated design, lt is the
active SMA wire length in each joint and ∆lt is (∆lti = rj cot(α) ∆ψi), where only
the local extra tension of the active wire length is important. For kP at each joint,
from the surface jagged geometry, we have









where rj = rj1 +
√
Jj1ˆ/aj, rj1 is the joint routing path inner radius, aj and Jj1ˆ are
the joint area and second moment of area respectively, subscript ( t) is used for the
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Figure 4.10: Scale jamming interface with radial actuation force in experiments and
results in uniaxial tension test. The jagged surface has 9 teeth with 1 [mm] height
and 72 [deg] slope on a 40 [deg] cone-shape surface.
actuation tendon or SMA wire parameters and subscript ( j) is used for the joint
parameters. In our numerical calculations, the calculated value for ∆ψi from the
previous time or spatial interval is used as a linearization approximation to avoid
increasing the differential order of the equations.
Using Eq. 4.4 alongside the piecewise rules in 4.4.2, the system hysteresis in the
full return cycle can be modeled. As a result of the Coulomb damping, a sudden
decrease is observed in the resisting force when the movement direction is reversed.
Combining Eq. 4.5-4.9, to find the stiffness of each element along the variable cur-
vature backbone, with Eq. 4.4 and 2.20 for the continuum manipulator mechanics,
the manipulator stiffness can be controlled based on the scale interface stiffness
in different loading scenarios. A simpler derivation of such combinations without
consideration of kt and fh for pure elongation and bending cases is presented in [41].
4.5 Experiments and Numerical Simulations for
Different Designs
Three different scale designs are 3D-printed with UV curable acrylic plastic (Esc =
3.3 [GPa], Gsc = 1.1 [GPa], σsc =2e-3 [s/m], νsc =1e-3 [m/s], µS = 0.03, µD = 0.015)
and tested in simple tension tests. A tendon driven sample with backbone is tested
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in simple bending as well and in integration with one STIFF-FLOP module. The
results for the later case is compared with the numerical simulations to verify our
modeling method.
The first design, actuated with radial tendon force (Fig. 4.6.d), needs a backbone
spring with low axial but high radial stiffness to oppose the tendon force as a base.
To guarantee the jamming, the tendon route is designed so that the scale touches
the next scale before contacting the backbone spring. We used a springy helix with
rectangular cross section (1.2 × 0.2 [mm] dimension, Esp = 60 [GPa], rsp = 19.2
[mm] diameter, φsc = 30 [deg]) as the backbone which satisfies our requirement,
which are easy integration on STIFF-FLOP continuum modules, small but effective
shape memory feature to achieve uniform results and providing a backbone to resist
against radial component of the tendon tension force. In a simple tension test for
one turn of the radial scales (Fig. 4.10), a smooth 3.9 times increase in the resisting
force (1.8-7 [N]) and stiffness is observed for 4 [N] wire tension. For higher tension
values and up to 22 [N], the deformation profile is not smooth, with large hysteresis
and only 60% increase in the blocking force. However, the scale has a bulky design
to prevent the breakage of the thin unsupported contact surface at the scale tip. As
a result, the deformation happens only in the elastic region. The scales are actuated
by the tendon direct radial force which makes this design less sensitive to the tendon
routing friction. The contact surface curvature center is not on the spring wire and
the surface needs to slide as well as rotate to adjust with any change in the helix
lead angle. As a result, large hysteresis and fluctuations are observed despite the
good reversibility.
For a smaller design with better geometrical consistency with the spring backbone, a
curved cylindrical design is introduced (rj1 = 0.8, rj2 = 2.35 routing and outer radius,
α = 25 [deg], φsc = 30 [deg]) (Fig. 4.6.a) with contact surfaces perpendicular to the
spring backbone and the interface is actuated based on the tendon tangential force
(Fig. 4.11). The tendon is connected to the last scale. The actuation tangential
force is propagated through the tendon routing friction and through the interface













Figure 4.11: Scale jamming interface with tangential actuation force and a low
stiffness spring backbone in experiments and numerical simulation; experimental




Figure 4.12: (a) Results for uniaxial tension test, (b) results for simple bending test
when integrated on a STIFF-FLOP module, (c) in initially straight configuration,
in bent configuration with inactive and (d) active (p = 2.5 [bar]) STIFF-FLOP
module.
from the last scale. A sinusoidal cyclic linear movement is considered with stroke
(∆l) 20 [mm] in tension test (3 turns, 17.1 [mm] initial length, γ = 87.3 [deg],
Fig. 4.12.a), 15 [mm] in bending test from a straight initial condition (5 turns, 35
[mm] initial length, γ = 94 [deg], Fig. 4.12.b) and 10 [mm] in bending test from
a curved initial condition (Fig. 4.12.c,d). The interface is integrated on a STIFF-
FLOP module in the bending tests where the manipulator dynamic contributes in
the force measurements. For tip horizontal movements, stiffness value of 40 [N/m]
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in the straight and 26.7 [N/m] in the bent initial configuration and viscous damping
of 30 [Ns/m] in the straight and 60 [Ns/m] in the bent initial configuration are
identified based on a simple spring-damper model for the STIFF-FLOP module.
42% increase in the blocking force is observed for the tension (ftip =1.0-1.42 [N],
ft = 0 − 3 [N], Fig. 4.12.a) and 80% for the bending from straight configuration
(ftip =0.6-1.1 [N], ft = 0−1 [N], Fig. 4.12.b) tests. The interface can fix an inactive
STIFF-FLOP module in a bent configuration with up to 50% increase in the blocking
force (ftip =0.6-0.9 [N], ft = 0− 1 [N], Fig. 4.12.c). Up to 365% increase in stiffness
is observed for antagonistic actuation of the module with 2.5 [bar] and interface
with ft = 1 [N] (ftip =0.41-1.5 [N], Fig. 4.12.d). Comparing the results for the
tests in bent initial configuration, 0.3 [N] increase in the blocking force for the test
with an inactive STIFF-FLOP module and up to 1.1 [N] increase for the case with
an active module are observed. The blocking force with an active module is about
twice as much as the simple summation of the manipulator and interface blocking
forces. This shows an antagonistic behavior where the scales act as a secondary
braiding for the manipulator adding extra rigidity to the system. A linear smooth
and reversible behavior is observed, especially for the simple tension test, where the
small hysteresis does not change the final blocking force. This results in the first cycle
being slightly different from the later ones, especially in the bending tests; however,
the load cycle is fully reversible from the second load cycle. The larger hysteresis in
the bending tests are due to the STIFF-FLOP module viscous damping and larger
deformations of the joints on the bending plane and at the interface route. Adding
a low stiffness spring backbone helps smooth uniform operation of the interface;
however, it reduces the blocking force, increases the tendon-routing friction and
adds a nonzero minimum stiffness value to the system.
The tendon routing friction reduces the interface tip blocking force in a long design.
A similar design with φsc = 90 [deg] for increased joint effective rotation, cone-like
surface for stronger teeth design, three roller bearings for friction reduction and
without spring backbone is introduced to address this issue (Fig. 4.13). For simple
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Figure 4.13: Scale jamming interface with tangential actuation force and roller bear-
ings for friction reduction (top), resisting force-elongation (ftip −∆l) and resisting
force-tension (ftip − ft) plots from uniaxial tension test (bottom). The jagged sur-
face has 10 teeth with 0.45 [mm] height and 45 [deg] slope on a 77 [deg] cone-shape
surface.
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Figure 4.14: Experiments on exponential stiffness reduction in different helix turns
due to tendon-routing surface friction.
tension tests of a sample with four turns and l0 = 40 [mm], a linear, reversible and
low hysteresis stiffness increase (ftip =0.2-3.9 [N], 20 times increase) for different ten-
don tensions (ft =0-17 [N]) is observed which has 278% larger blocking force (371%
larger stiffness considering the different helix turns) compared to the previous design
with full stiffness range approximately as small as zero. However, larger hystere-
sis, small load cycle fluctuations and less reversible results are observed compared
with the version with a spring backbone. The new design does not present the same
maximum blocking force in all the actuation cycles; however, the load cycles become
more reversible after the first few warm-up cycles. This emphasizes the importance
of a consistent geometrical relative movement which can be guaranteed using a low
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a) b) c) 
Figure 4.15: (a) A SMA actuated scale design with a SMA wire passing through and
fixed to the middle of the scales,(b) uniform (low stiffness) and non-uniform (high
stiffness) deformation of a scale in uniaxial tension test, (c) SMA actuated helical
interface integrated on a contiuum manipulator with two STIFF-FLOP modules.
The jagged surface has 10 teeth with 0.45 [mm] height and 45 [deg] slope on a 77
[deg] cone-shape surface.
stiffness spring backbone. For tension forces higher than 17 [N], the hysteresis is
increased without a noticeable change in the blocking force. Tests are carried out on
the stiffness of different rings, showing an exponential decrease, as predicted in our
model, with mean base value of 0.915±18% for each scale (Fig. 4.14). The reduction
in the tendon tension is noticeable despite using the bearings. Additionally, it is
hard to implement multiple tendons for local and directional stiffness control.
To address these issues, local actuation using a shape memory alloy (SMA) wire
is tested for the same scale design (Fig. 4.15.a). The 3D printing material, UV
curable acrylic plastic, is a thermally stable material with melting point of about 160
[◦C], meaning that using SMA wires with near room temperature transition point
does not melt or change the scale structure significantly. However, the material
is soften if it is exposed to temperatures around 80 [◦C] for a long time. Screws
are used to fix the SMA wire in each scale and act as a local electric contact pin.
80 [mm] of a low hysteresis nitinol SMA wire (Standard Temperature NiTiCu wire
from Kellogg’s Research Labs, kelloggsresearchlabs.com), with rth =0.75 [mm] and
transition temperature of 45 ◦C is trained in a helical form with 2 [mm] diameter
and 48 [mm] axial length. The wire resistance is found to be 33.56 Ω/m (2.68 Ω in
total), almost independent of temperature as shown in Fig. 4.16. Simple tension
tests are carried out for uniform actuation of the helix. The results contradict our
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Figure 4.16: Trained helical SMA actuator performance.
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Figure 4.17: SMA actuated interface stiffness control in a uniaxial tension test.
predictions about achieving higher stiffness by actuating the SMA wire (Fig. 4.17).
The thermal instability of the scale material and solidification of a wax composite
used as the support material in the 3D-printing process result in the jamming of
the contact surface when cooled and act as a lubricant when heated. Despite this
unwexpected behavior, higher reversibility, smooth load cycle and 50% increase in
the blocking force (0.5-3 [N]) are observed compared to the previous design, with
similar load cycle hysteresis. The helix deformation is more uniform for the lower
stiffness values (Fig. 4.15.b), suggesting that using a means of lubrication improves
the interface deformation symmetry. The interface is able to lock the bent geometry
of a continuum manipulator with two STIFF-FLOP modules (Fig. 4.15.c). It worth
emphasis that
4.6. Discussion and Comparison with Other Jamming Solutions 145
4.6 Discussion and Comparison with Other Jam-
ming Solutions
Three actuation designs are presented as follows.
1. Tendon driven jamming through radial force, which needs a low stiffness spring
backbone and represents the most similar design to a natural fish scale mor-
phology. This design features high stiffness range and is less sensitive to
tendon-structure friction; however, it is bulky and suffers from inconsistent
geometry and low deformation range.
2. Tendon driven jamming through tangential force where a smaller more uniform
design is possible that is capable of covering a large deformation range without
any backbone. The tendon-structure friction plays a crucial role here.
3. Shape memory alloy (SMA) actuated interface for uniform and local stiff-
ness control without any problem regarding the tendon-structure friction.
Large thermal expansion of the 3D-printed scales and solidification of the wax
composite residue from the fabrication process affect this design despite the
achieved high stiffness range.
Results are compared with two well-cited articles on granular jamming by Jiang
et. al. [110] and layer jamming by Kim et. al. [61]; results provided by Blanc
in a review on different stiffening mechanisms for flexible medical devices [21]; and
two recent research on granular [16] and tendon [59] stiffening of a STIFF-FLOP
module. All the jamming designs present switching stiffness between two states;
however, this is the first time in this research that an equivalent stiffness is introduced
and a complete model for the return cycle is presented. The bending tests on the
scale jamming design in Fig. 4.12.a and 4.13 shows higher axial stretch (∆l/l0 =
0.02/0.017 = 0.428, 0.02/0.04 = 0.5) compared to the granular (0.01/0.04=0.25)
and layer (0.02/0.4=0.05) jamming. Our design acts almost linearly in the whole
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deformation region (100%), especially in the presence of a spring backbone, while
the percentage of the linear region with respect to the whole deformation range in
the later works are 18% for granular and 1% for layer jamming. Each experiment
is carried out with three complete load cycles. Our design benefits from highly
reversible load cycles with very small hysteresis. A large hysteresis and reversibility
are observed in the granular jamming while the relevant data is not reported for
the layer jamming design. The desired tip stiffness of continuum manipulators in
simple bending test for Minimally Invasive Surgery (MIS) applications is about 0.27
[N/deg] (17.2 [N/rad]) [61]. This value is about 3.7 [N/rad] for scale, 12.4 [N/rad] for
granular and 40-80 [N/rad] for layer jamming. The rotational stiffness of the designs
at the root (ftipl
2
0/∆l) are 0.3 [N/rad] for scale, 0.5 [N/rad] for the granular and 32
[N/rad] for the layer jamming respectively. Despite similar and even higher load
bearing capacity, the calculated tip and root stiffness show the advantage of both
granular and layer jamming over scale jamming, because of the helical structure of
the interface.
In comparison to similar stiffening solutions, the maximum flexural stiffness increase
for our design when integrated on an active STIFF-FLOP module (ftip = 0.41− 1.5
[N], 3.5 times) is on the average of similar jamming designs (granular jamming 0.5-15,
layer jamming 0.7-7, wire jamming 3 times) and less than the segment locking designs
(6-50 times) in literature [21] This value falls in the lower range of stiffness range for
similar design in literature when the inner module is not active. The stiffness range in
elongation tests is not reported. A successful stiffness control design should achieve
a wider range of stiffnesses than the commercially available medical endoscopes
which is 15000-31000 [Nmm2] [21]. The flexural stiffness of STIFF-FLOP through
pressurization (510-5000 [Nmm2]) increases to 5000-9165 [Nmm2] after integration
of the scale jamming interface, and to 510-18750 [Nmm2] if both the actuator and
interface are actuated. These values fall on the average of the bending stiffness
range for different granular jamming designs and further improvements are needed
to cover the whole stiffness spectrum.
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However, the scale jamming interface is easily integrable on any continuum manip-
ulator while the other designs need to be fabricated with the manipulator structure.
As a result, the tip rotational stiffness of a STIFF-FLOP module increases from 2
[N/rad] to 3.6 [N/rad] (ftip = 0.6−1.1 [N], 83% increase) in a straight configuration
and from 2 [N/rad] to 7.5 [N/rad] (ftip = 0.41 − 1.5 [N], 350% increase) in a bent
configuration, making it more desirable to be used in MIS. These values are 10.34-
14.5 [N/rad] (ftip = 2.2− 3.1 [N], 41% increase) in a straight and 13.16-15.5 [N/rad]
(ftip = 2.8 − 3.3 [N], 18% increase) in a bent configuration for the STIFF-FLOP
module with granular jamming [16] and 6.2-12 [N/rad] (ftip = 1.32− 2.56 [N], 94%
increase) in a straight and 11.4-14.2 [N/rad] (ftip = 2.43 − 3.2 [N], 24% increase)
in a bent configuration for the one with tendon stiffening design [59]. A similar
reversible and low hysteresis behavior is observed with tendon stiffening [59]. The
actual values are not comparable as a different version of STIFF-FLOP is tested in
these research. The granular and tendon stiffening solutions for the STIFF-FLOP
module are capable of covering the needed stiffness range for endoscopic applica-
tions [21] While all three designs cannot satisfy the MIS application necessity as
in [61], the granular jamming design provides the highest blocking force, the scale
jamming design achieves the highest axial stretch, variability and reversibility, and
the tendon stiffening design provides a balance between these features. However,
the tendon stiffening method distorts the structure, lacks the shape locking feature
and relies on the opposing action from the manipulator actuators which severely
limits its application to soft body manipulators. Table 5.1 presents a summary of
the results in comparison to the relevant designs in literature.
Our design provides up to 20 times increase in the elongation and 3.6 times increase
in the bending tests, featuring a low hysteresis highly reversible load cycle. The
introduced geometrical jamming increases the stiffness control range and repeata-
bility, and reduces the load cycle hysteresis and contact surface wear. However,
the load bearing limitation of a helical interface is noticeable for long manipulators.
Miniaturization of the scale design helps using multiple interfaces to act in parallel
4.7. Conclusion 148
and cover more of the manipulator surface. In addition, a helix in full contracted
configuration presents a higher stiffness that can be considered where a higher block-
ing force is needed. The promising stiffening range as well as the possibility of local
stiffness control, persuaded us to investigate the idea of designing a 3D-printable
thermoactive helical interface in the next step of our research.
4.7 Conclusion
In this chapter, for the first time we briefly test the idea of pneumatic scale jam-
ming on a real Cyprinus carpio fish skin. The results show an elastic deformation
region with small hysteresis which, we believe, is because of the special curved and
jagged morphology of the biological scales. It is not clear whether the scale jam-
ming happens for a real fish, and if so, what causes it. As a guess, the fish may
use the myotome attachment fibers (similar to our tendon driven design) and the
interlayer dermis for active jamming and external hydrostatic pressure due to swim-
ming depth, or turbulent flow hydro-dynamic pressure as means of passive jamming.
Three scale jamming interfaces are designed, by taking inspiration from the spatial
geometry and helical arrangement of biological fish scales, to control the stiffness of
continuum manipulators with application in minimal invasive surgery. Three scale
jamming interfaces are introduced and tested: a tendon driven design with radial
actuation force, a tendon driven design with tangential actuation force and a design
with shape memory alloy wire actuator. The stiffness is controlled by changing the
torsional stiffness and damping of the helical interface cross-section in all mentioned
designs. An equivalent stiffness value is introduced to model the full load cycle and
hysteresis of our scale jamming design. We showed that the jagged contact surface
reduces the hysteresis and increases the linear behavior range. Compared to the
tendon stiffing, granular and layer jamming in the literature, we introduce a lighter
and easily integrable design with shape locking capability, higher reversibility and
stiffness variation ratio and smaller hysteresis, volume and complexity. Relatively
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lower maximum blocking force of this design can be addressed by using multiple in-
terfaces in parallel around a manipulator. We believe our design features promising
opportunities for stiffness control of continuum manipulators for minimal invasive
surgery.
Finally, it is worth mentioning that our findings about the scale jamming capability
of a real fish skin need to be verified before making a general claim about its contri-
bution to the real fish swimming efficiency. The dynamic behavior of the jammed
scales is more important than their static characteristics for fish locomotion and
needs to be investigated further in more dynamic tests. The observed low friction
geometrical jamming is far from real-world application due to the scale bulky design
and 3D printing limitations. The scales geometry need to be optimized for better
load bearing, repeatability and uniform linear performance. A miniature metallic
scale design with radial force actuation, low stiffness spring backbone and low fric-
tion wire rooting needs to be designed and fabricated to combine all the advantages
of the presented helical scale jamming interface in a real-world engineering appli-
cation. For such scenarios, the main drawbacks of the system, which are the lack
of local stiffness control and the problem of wire rooting friction in long interface
design, need to be addressed with more experiments and new scale and actuation
designs.
Observing the potential of hydroxylated wax, used as the support material in our
3D printing process, as a stiffness variable material, we try to address the lack of
local stiffness control problem of our interface with looking into a similar design
with functionally graded thermoactive joints in the next chapter. We show how the
stiffness planning and control complexities are simplified by exploiting the helical






As the main objective of this chapter, a 3D-printable thermoactive scale jamming
interface is presented as a new way to control a continuum manipulator dexterity
by taking inspiration from the helical arrangement of a teleost fish scales. A highly
articulated helical interface was 3D-printed with thermoactive functionally graded
joints using a conventional 3D printing device that utilizes UV curable acrylic plas-
tic and hydroxylated wax as the primary and supporting material. Nichrome wire
was used to regulate the joint compliance by controlling the wax temperature in
phase transition. Empirical relations between the induced current, temperature and
system compliance for different joint designs are identified through comprehensive
study of the wax melting profile and actuation scenarios. As the secondary objec-
tive of this chapter, a decentralized modeling and control approach is employed by
relating the mathematical terms of the Cosserat beam method to their morpholog-
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ical counterparts in which the manipulator local anisotropic stiffness is controlled
based on the locally available strains, curvatures and load distribution informa-
tion. As a result, a minimalistic central controller is designed in which the joints’
thermo-mechanical states are observed based on measurements from a morpholog-
ical observer, an external fully monitored replica of the observed system with the
same input signal. Preliminary results for passive shape adaptation, geometrical
disturbance rejection and task space anisotropic stiffness control are reported by
integrating the interface on a continuum manipulator. To evaluate our objectives in
this chapter, the tip bending stiffness range and controllability are compared with
requirements of minimally invasive surgeries and catheter medical applications, and
the feasibility of task space stiffness control and impedance disturbance rejection
are shown as a proof for the presented decentralized morphological stiffness control
and observation concepts.
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Figure 5.1: (a) Overlapping and helical arrangement of scales in a Cyprinus Carpio
fish, (b) the thermoactive interface integrated on a two module STIFF-FLOP con-
tinuum manipulator for stiffness control and shape locking in the straight and bent
configurations.
The jamming media behaves similarly to a ductile material that undergoes an elastic
followed by a plastic deformation in which the yield stress, the elastic deformation
threshold, is a function of the friction between the jamming media controlled by
changing the normal force in between the contact surfaces. A high hysteresis in the
return cycle is a result of this behavior and the jammed media should be used up
to the yield threshold for an almost linear repeatable behavior. This behavior is
similar to the stiffness change due to phase and glass transition in low melting point
(LMP) alloys such as field’s metal [43] and composite material with inherent thermal
instability such as wax [50] and ABS [54] which is used in much recent research due
to higher stiffness range (4.65-5.76 times increase in the stiffness [54]), easy electri-
cal modulation through heating, self healing properties and possible 3D printable
fabrication compared to the jamming media [21, 43]. However, the thermoactive de-
sign suffers from slow response time in the cooling process, poor controllability and
repeatability due to complex phase transition, low efficiency due to heat dissipation,
sensitivity to ambient temperature and safety issues due to high current and tem-
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perature which are not adequately addressed in recent studies [21, 50, 54, 48] These
should be addressed with proper structure and control design and implementation of
a cooling mechanism based on the final application.Thermoactive materials are more
suitable for applications in cold ambient temperature where rapid cooling improves
the system response time and repeatability, e.g. underwater [162], space and high
attitudes [115, 163], and for static tasks, e.g shape locking for continuum manipula-
tors [143] and robotic surgeries with mostly quasi-static operations [21, 16, 61, 48].A
recent review of stiffening solutions for continuum manipulators by Blank, et. al.
shows the advantages of shape locking mechanisms to achieve higher stiffness values
and low melting point material for higher stiffening ratio [21].
On the other hand, planning and control of stiffness reconfigurable mechanisms re-
quire cumbersome analytical and computation tools for which the idea of replacing
the traditional central modeling and control circuits exploiting the embodied intel-
ligence or morphological computation of the available physical hardware has been
investigated recently [68]. By breaking a complex problem into simple sub-problems,
a uniform decentralized control system is formed that benefits from parallel execu-
tion and lack of communication delay where the tasks are fulfilled based on simple
repetitive actions with limited local sensory and computation capabilities [69].
It should be noted that biomimicry is not the objective of this study. Rather, we
aim to test the hypothesis that contact friction/locking control using scales is a
viable method for stiffness control of exoskeletons for soft robots. However, such
design may be useful to uncover or test hypotheses about the operation of biological
structures [162, 68, 69]. While usually the normal forces on the jammed surfaces
are controlled for stiffening, in our recent work, we investigated the idea of using an
active attachment mechanisms between the layers based on a novel electro-active
velcro using shape memory alloy wire [86].
To achieve higher load bearing range, simpler actuation mechanism, smaller setup
design and most importantly, local anisotropic control over the stiffness tensor, in
5.3. A 3D-Printable Thermoactive Interface 154
Figure 5.2: A 3D-printed interface before forming into a helix with 135 [deg] scales.
this paper, we investigate how the inter-scale elasticity and damping for the same
helical interface can be controlled by phase transition temperature control of a LMP
composite wax in a 3D-printable functionally graded thermoactive joint design. As
a result, our design benefits from the advantages of an interlocking design and us-
ing low melting point material. First, a design overview is presented in section
5.3. First, a novel decentralized morphological controller is introduced in section
5.4 to simplify the problem of shape adaptation and stiffness regulation in response
to external geometrical disturbances. The novel idea of morphological observer is
introduced, where the system states are estimated based on the measurements from
an external fully monitored joint with the same design and control signal. The re-
peatable characteristics of such joints is investigated based on the phase transition
profile of the LMP hydroxylated wax and for deferent joint designs and actuation
scenarios, and experimental relations are identified for forward control of such joints
in section 5.5. In section 5.6, experiments are carried out to investigate the per-
formance of the modeling approach and the identified forward control laws for the
interface uniform and anisotropic stiffness control while the states are observed with
the morphological observer. Finally, the proposed decentralized controller is tested
for shape adaptation and task space stiffness regulation in presence of geometrical
disturbances. The presented research in this chapter is closely related to the material
discussed in the previous chapter resulting in cross-referencing in some sections.
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Figure 5.3: (a-left) Outer and (a-right) inner side of a α = 120 [deg] interlocking
scale with functionally graded thermoactive joints, (b) a thermoactive joint design.
5.3 A 3D-Printable Thermoactive Interface
UV curable acrylic plastic (elasticity modulus, E = 3.2 [GPa]) and hydroxylated
wax are used widely in high definition 3D printing as the main and the supporting
material, where the support material with melting point of 55-65 [◦C] is removed in
an oven or hot water after the process while the main material which is thermally
stable remains intact to collect later. A helical interface with simple revolute joints
is designed to be printed as a whole unit as in Fig. 5.2. A small empty space is
left in the joint which is filled with the wax support material in the printing process
and small clearances of 0.15 [mm] in diameter and length are provided to provide
free rotation at the joints as well as preventing the wax from escaping from the joint
inside. Four non-contacting teeth with 0.6 [mm] height are designed to increase the
joint surfaces engagement with the wax. Based on the von Mises yield criterion,
the tooth surface should be larger than 0.58 times the shear surface, so the material
withstands the teeth bearing force before the shear sliding begins. A spiral path with
7.9 [mm] groove diameter and two small hinges hold three rounds of heating wire with
length l = 7.45 [mm] in place (Fig. 5.3). The fully assembled interface is printed as
a whole unit with a commercially available high definition 3D printer (PROJET HD
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3000 Plus from 3D Systems, www.3dsystems.com) without any further modification
to the printer. The interface is ready to be used straight away after addition of the
heating Nichrome wires (nickel(80%)-chrome(20%) alloy wire, 0.1 [mm] diameter,
resistance R ≈ 1[Ω/cm], from rapidonline.com). The joint stiffness is regulated
by controlling the wax temperature. The wax is fully jammed when cooled and
becomes a lubricant when melted, providing high range of stiffness variability with
small electric actuation due to using high performance heating wires. As a result of
the small joint design, the small amount of wax forms a thin layer that facilitates heat
conductivity and improves stiffness regulation repeatability and response time, while
high-performance, low hysteresis and fat response heating wires are used for efficient
temperature control compared to high current (3-5 [A]) Joule heating method in
similar research [48]. A 120 [deg] scale curve is suitable for stiffness regulation
along the actuation lines of continuum actuators with three pressure chambers, e.g.
STIFF-FLOP [16] (Fig. 5.3.a), a 90 [deg] curve provides decoupled stiffness control
in the Cartesian task space (5.1.b) and a 135 [deg] curve is suitable for a long
interface design with smaller number of joints (Fig. 5.2). The same method as in
section 4.4 is used, where kE|P is a function of the material temperature and density
due to air bubbles in the wax or leakages from the joints. A proper temperature
control can minimize the leakage of the wax from the joint gaps. The two-step
modeling framework presented in section 4.4 is used for the analysis and simulations
throughout this chapter.
5.4 Morphological Control and Observation
5.4.1 Shape Adaptation and Configuration Control
The interface is fully compliant during the manipulation of the internal continuum
manipulator providing a passive shape adaptation feature (Fig. 5.1.b-left). The
interface is fixed while the goal configuration is reached and a decentralized mor-
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Figure 5.4: sample information flow in a disentralized stiffness regulation strategy
for impedance disturbance isolation in the 1contacting element, 2adjacent elements
and 3rest of elements.
phological controller is used for impedance disturbance rejection (Fig. 5.1.b-right).
A larger reachable configuration space is possible with minimal control inputs by
selective directional stiffening of the interface elements which is not investigated
here.
5.4.2 Decentralized Morphological Control
The complex problem of stiffness control for impedance disturbance rejection, at
any point along the backbone, is addressed by introducing a model-based simple
switching decentralized morphological controller. The advantageous of a decentral-
ized controller is that both the control task target and disturbance rejection can be
handled in parallel and independently in different places along the backbone. In
theory, the local control scheme keeps updating the stiffness of the contacting and
disturbing elements until both the task goal tracking and disturbance rejection are
satisfied.
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Model-Based Control:
A simple control law maintains a bias stress by changing local stiffness that can be
used for shape adaptation, disturbance isolation and task space impedance control.
Local strains () are assumed to be known to the local controllers of each element
while the stress (σ), distributed along the manipulator, is considered as a morpho-
logical signal that conveys the necessary information between the elements. In a real
setup, strain and load sensors are needed to measure the local strain and load values
in each element, which is trivial in biological creatures. We assume any impedance
disturbance is canceled with a proper shape adaptation. This is the most common
disturbance type caused by contacting with a moving soft tissue in most robotic
surgeries; however, it does not include the case of constant external load. It means
the final disturbed strains (e) are known and the stiffness is adjusted to maintain a
desired contact force (fd) or isolate the caused unwanted deformation by trying to
maintain the load distribution (f0 = K.0) similar to before the disturbance, where
0 is the initial strain before the disturbance. The stiffness for the element at the
contact point, either at the tip for task space impedance control or at any other
point for impedance disturbance rejection, is adjusted to maintain a desired contact
force (fd) by using τy(fd,e) (Fig. 5.4.c
1). The stiffness of the adjacent elements are
adjusted to maintain the same load distribution of the undisturbed structure (f0)
with the disturbed configuration (d) using τy(f0,e) (Fig. 5.4.c
2). This strategy iso-
lates the local impedance disturbances and no change in the rest of elements are
necessary (Fig. 5.4.c3). The interface is solidified after the shape adaptation and as
soon as the external disturbance force is canceled.
Simple Switching Control:
The contact and adjacent elements are softened to reach the desired force values
based on passive shape adaptation and then solidified again.
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5.4.3 Minimal Central Controller
Central Controller Design
Implementing large number of local sensors, computation and control units, neces-
sary for the proposed decentralized control in section 5.4.2, is a challenge in fabricat-
ing a real robotic system. A simple central controller can be designed based on the
proposed decentralized control paradigm, where a switching unit connects a single
current controller unit to each of the joints one by one to regulate their temperature
and stiffness with a frequency smaller than the stiffness regulation response delay.
The manipulator geometry (ρ and R) is found by interpolating a polynomial through
two tracked points at the manipulator middle and tip, using magnetic tracking sen-
sors [81], based on which the elements’ load distribution (f = [n,m]) and  are
calculated using Eq. (2.20). The drawback of using a minimal central controller is
that the stiffness of the different elements cannot not be controlled in parallel and
simultaneously. This can be addressed by considering a policy that prioritized the
disturbance rejection and task space stiffness regulation needs.
Joint Morphological Observer
Feed forward relations based on experimental identifications are used to control
the joint yield torque (τy) and temperature (T ). However, these values cannot
be measured directly to be used in a feedback controller due to the large number
of joints, sensor size and space limitation. The novel concept of morphological
observer is thus introduced, which is a fully monitored exact replica of the observed
system with the same inputs. Similar to a conventional observer where a computer
model is used to estimate inaccessible states, here we use a physical model for
state estimation. Readings from the morphological observer provides an estimate of
the main system behavior. A joint with the same dimensions and all the necessary
sensors is designed (Fig. 5.5) through which the same current similar to the observed
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Figure 5.5: A sample joint with temperature sensor at the center which is used as a
morphological observer.
system is passed. The system yield torque (τy) and temperature (T ) are estimated
and corrected as needed based on the morphological observer readings. A diagram
of the central controller is presented in Fig. 5.6.
5.5 System Thermo-Mechanical properties
Nichrome wire is used as a robust low current heating element. The wire resistance
is found to be R ≈ 1[Ω/cm], almost independent of the wire temperature and with
negligible hysteresis, with time constant, the time that a thermistor temperature is
dropped by 63.2%, equal to 8.1 [s]. A Maxon Motors EPOS2 5/50 is used for current
control of the heating wire based on a simple switching (Bang-Bang) controller to
regulate the system mean temperature. The temperature is measured using a K-tupe
thermocouple and a National Instruments NI-DAQmx 6210 for signal amplification
and analogue to digital conversion. A HIWIN KKA40 precision linear actuator unit
is used for accurate linear displacement and an ATI-Nano17 6-axis force sensor is
used to measure the loads. All the tests are carried out in quasi-static conditions.
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Figure 5.6: Experimental control setup (top), a minimal central controller for model-
based decentralized impedance regulation. The joint current calculation unit is
replaced with a switching term in the case of a simple switching controller (bottom).
5.5.1 Wax Melting Temperature and Pattern
The melting pattern, surface friction and shear stress of the hydroxylated wax sup-
port material was investigated. A cylinder with a 20 [mm] inner diameter and 20
[mm] height was filled with the support material wax while heated with a 3 [mm]
diameter spiral Nichrome wire at the center passing a 200 [mA] current. The ther-
mocouple tip was placed at the middle (10 [mm] height) and with 4 [mm] radial
distance from the inner surface. The support material had a cream color in the solid
state. The melting starts around the heating wire while the material color turns to
brown. The wax state starts at ≈40 [◦C] and stabilizes at ≈45 [◦C]. The melting
starts at ≈55 [◦C] propagating from the vicinity of the heating spiral from top to
bottom, due to natural heat convection in the melted wax, and stabilizes in ≈65
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Figure 5.7: Wax melting pattern for a sample with 25 [mm] diameter and 12 [mm]
depth.
[◦C] until the whole material is fully melted in about ≈6 minutes. While cooled,
the solidification starts at ≈55 [◦C], when the air bubbles trap in the material, from
the outer surfaces and completed in ≈22 minutes with free air cooling and in ≈11
minutes with water cooling, both at room temperature (T0 = 26 [
◦C]). Small heat
conductivity of the wax results in a slow nonuniform melting and solidification pat-
tern with visible borders (Fig. 5.7). This provides a continuous range for material
stiffness while a small enclosed volume design result in a more uniform and rapid
stiffness change. While a large transition state is preferable for continuous stiffness
control, compared to rapid melting of most LMP alloys [43, 48], a small enclosed
volume should be designed to achieve uniform and fast response actuation.
5.5.2 Wax Shear Strength, Surface Friction and Stiffness
The same cylinder is covered with a cap and two shaft designs, a smooth cylinder to
measure the resisting torque (τ) and shear stress (σshear) due to surface friction, and
a toothed design to calculate τ and σshear due to the material yield stress (Fig. 5.8).
The effective radius, where the breaking starts, is 5 [mm], similar to the shafts’ base
radius and hw = 12 [mm] is the shaft active height The heating wire is placed on the
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Figure 5.9: Sample results of repetitive actuation for both cylindrical and toothed
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Figure 5.10: (left) Yield and breaking torque and shear stress vs. temperature,
(right) shear modulus vs. temperature for small (1 [mm]≈1.16 [rad]) deformation
for both cylindrical and toothed shaft designs in Fig. 5.8. The temperature is
changed with 10 ◦C intervals due to large thermal latency of the system and small
repeatability of the results, due to the wax complex melting behavior, for smaller
interval values.
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outer surface where the melting starts. While precise high resolution temperature
regulation of the joint is possible, a step change of 10 [◦C] was used in the experiments
considering our real application with a smaller joint design. The temperature was
not measured at the effective radius and is used only for comparison purpose. The
yield and breaking values for the wax rigid state (T < 40 [◦C]) is not reported due to
force sensor saturation and damage to the joint structure. These values are reported
for the final smaller joint design. Three full cycles of actuation was carried out in
each experimental trials (Fig. 5.9). The material behaved like a brittle material in
the first actuation cycle, where the resisting force sharply drops (Fig. 5.10(left) 1st
Break/Yield), but more like a ductile material for the next cycles with distinctive
yield point, where the plastic deformation begins (Fig. 5.10(left) Mean Yield),
and breaking point, where the resisting force drops (Fig. 5.10(left) Mean Break).
The breaking torque is higher for the first cycle especially for the cylindrical shaft
(≈%71) while in the toothed design this value is (≈%9). The mean yield strength
of the toothed design is 4.5 times higher than the smooth cylindrical one showing
higher shear stress strength compared to the surface viscosity and friction of the
wax. Variation of the material mean yield stress is noticeable, 8-500 [KPa] for the
toothed design and 1-180 [KPa] for the cylindrical design, with a relatively sharp
drop at the wax transition temperature specially for the cylindrical shaft.
To identify the wax shear modulus (G), we consider the resisting torque for 1 [mm]
axial movement of the force sensor acting against the joint handle and assume; 1)
the wax is fully rigid at the room temperature and the initial measured elasticity is
only due to the joint structure (kjs), 2) the structure elasticity does not change with
temperature. The later assumption is valid for UV curable acrylic plastic, used in
our designs, but not for thermally unstable PVC material commonly used for low
resolution 3D printing. G is found from the equation 1/kj = 1/kjs +hw/GJtˆw , where
kj is the joint measured stiffness and J1ˆw = 3e − 7 [m4] is the wax cross-section
second moment of area. The results are presented in Fig. 5.10(right). The model
can be improved by taking the stiffness change of the structure due to temperature
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Figure 5.11: (left) Temperature and current plot for initial switching bang-bang
feedback control, (right) mean current vs. mean temperature differences (∆T ) for a
single 3D-printed functionally graded joint (Fig. 5.5) in room temperature (T0 = 26
[◦C]).
change.
The joint behavior presents some complexities. The joint elastic stiffness is linear
in the first cycle but an increasing elastic stiffness is observed for the later cycles
(Fig. 5.5). While the yield strength of the 2nd and 3rd cycles are almost equal,
the transition is delayed with an offset, especially in lower temperatures, which
results in a different equivalent stiffness. This is due to the wax melting pattern,
self healing properties and variable density as a result of porous structure. The
plastic deformation presents a non-smooth stick-and-slip behavior in the wax state
that results in a large hysteresis in a full actuation cycle. As a result, the joint
characteristics does not show good repeatability at the wax transition temperature
especially for continuous cycles.
To achieve better repeatability and response time, we continue with a small toothed
design and the characteristics of the first actuation cycle is used for the controller de-
sign due to better stiffness range, linear behavior and a smoother stiffness-temperature
profile. Besides, a small enclosed wax volume is considered to reduce the variability
of the wax properties at the transition temperature (Fig. 5.5).
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Figure 5.12: (left) Torque and shear stress vs. temperature for heating, cooling and
healing control strategies, (right) joint stiffness (k) in elastic (E) and plastic (P)
deformations for a single 3D-printed functionally graded joint (Fig. 5.5) in room
temperature (T0 = 26 [
◦C]).
5.5.3 A Single Joint Electro-Thermo-Mechanical Relation
Experimental relations for mean values of current-temperature (I−T ), temperature-
yield torque (T − τy) and temperature-elastic and plastic stiffness (T − kE|P) were
identified to be used for forward control. A joint, as explained in section 5.3 (Fig.
5.3.b), was fabricated with a handle and a temperature sensor at the joint center
(5.5). The temperature of the wax was slightly different from the measured tem-
perature at the joint center and the relations in this section represent properties of
the whole system. A similar test setup as in Fig. 5.8 and a switching control was
used. The mean heat capacity coefficient of the system was found to be 0.45 [J/◦C]
from the nearly linear initial heating stage of the temperature control experiments
(Fig. 5.11(left)). It takes 70 [s] to melt (50 [◦C]) and 120-240 [s] to solidify the
wax, 6-12 times faster than the bulky setup in section 5.5.2, with ≈14.5 [s] lag be-
tween the current actuation and the temperature increase, almost independent of
the temperature, due to the material low thermal conductivity. The system response
time is acceptable for most MIS quasi-static operations involving shape locking or
configuration adaptation. For (I − T ) from Fig. 5.11(right) we have
T = CH1.235 e
24.4I + T0, (5.1)
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where CH is a correction factor, mainly due to the change in the heat dissipation
coefficient, to be set before each run and based on a measurement with the mor-
phological observer. Resetting CH helps with compensating the variation in the
temperature range for a constant output range from one trial to another. The vari-
ation in the temperature was significant during the test due to the system large
thermal response time and inertia. A 5-6 times higher resistance torque for the first
actuation cycle, a small drop (≈ 20− 25%) in the resisting torque for the next test
cycles, offset in initial position and lower resisting torque if the target temperature
is lower than the joint initial temperature was observed as in the previous section.
The breaking point of the first cycle was considered for the control design (Fig.
5.12(left)). Three temperature regulation strategies were tested; 1) heating, where
the desired temperature is higher than the current temperature, 2) cooling, where
the desired temperature is lower, 3) healing, where the wax is fully melted at 50 [◦C]
then cooled (healed) to the desired temperature. τy varies based on the initial T for
the heating and cooling strategies; however, continuous control is possible here. For
the material in wax state, the cracks remaining from previous tests in the cooling
strategy resulted in a drop in τy which is unsuitable for real applications. The heal-
ing process provides higher τy and smoother T − τy relation; however, it needs to
be executed either very quickly or when the interface is not loaded. For τy based on
the heating strategy, for continuous actuation, and the healing strategy, for static
application or when the temperature is reduced, we have
τyheat = 10.69e
−0.251T , τyheal = 764.1e
−0.3518T . (5.2)
The joint small design resulted in an almost constant and repeatable stiffness during
the test cycles and a smooth variation w.r.t. T . The torsional stiffness of the joint
(kE|P) as a compound design is (Fig. 5.12(right))
kEheat = 9.017e
−0.06715T , kPheat = 2.328e
−0.08929T , (5.3)
kEheal = 27.37e
−0.09533T , kPheal = 12.83e
−0.1295T .
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Figure 5.13: Model-based axial stiffness control for a helix with 3.5 turns and 120
[deg] scales.
 
Figure 5.14: Model-based axial stiffness control results, (left) load cycles and (right)
achieved stiffness for a helix with 3.5 turns and 120 [deg] scales (Fig. 5.13).
The identified relations were used for feed forward control while a switching bang-
bang controller is used to compensate any other feedback error. This approach
minimizes the temperature variation, seen in Fig. 5.11(right), in the final controller.
The final relations do not consider the wax leakage, due to expansion while heated,
from the joint gaps. The joint leakage is repaired, by pouring melted wax on them
after a few trials, to maintain the identified properties.
5.6 Thermoactive Interface Experiments and In-
tegration
5.6.1 Model-Based Observation and Control
The model-based observation and control method was used for uniform axial and
bending stiffness control of a helical interface sample with 3.5 active turns and 120
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Figure 5.15: Model-based control: anisotropic stiffness control: bending experiment
setup and task space stiffness results in polar coordinates.
 
Figure 5.16: Results for a two-module STIFF-FLOP continuum manipulator (ma-
nip.) and a nine-turn helical interface with 90 [deg] scales (scale) for a 9 [mm] tip
lateral deflection in (top) I: straight and (bottom) C: bent configuration. N: inac-
tive manipulator, P: pressurized (active) manipulator, R: rigid (jammed) interface,
S: soft (compliant) interface.
[deg] scales (J3 = 6.3e− 11, J1 = 2J3) from an initially straight position. A setup as
in Fig. 5.6 was used where the current control unit was connected to the common
input of an Arduino relay shield controlled by an Arduino Uno SMD Rev3 board.
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a) b) c) d) e)
Figure 5.17: (a) Interface passive shape adaptation: initial stiff configuration, (b)
compliant configuration by heating up the joints and slight deformation of the in-
terface under body weight, (c) passive shape adaptation of the interface after being
pushed by two cylindrical shapes from both sides, (d) cooling off the joints and
shape fixing, (e) final fixed shape after removal of the contacting objects.
Each relay was connected to a morphological observer and a row of joints. A HIWIN
precision actuator and an ACTUONIX L12 linear actuator (www.robotshop.com)
with 10mm stroke were used for axial and bending tests respectively (Fig. 5.16).
All the joints were activated with the same current in the axial test. Three mea-
surements, each with three deformation cycles were carried on for each direction.
An inhomogeneous stiffness matrix was formed in the bending case with inactive
rigid joints at the 0 [deg], 40 ◦C temperature regulated joints (I = 80 [mA]) at 120
[deg] and fully melted ones (I = 200 [mA]) at 240 [deg] location. The modeling
and control error were 7.5% (27.5 [N/m]) for axial stiffness (C1 = 1, T0 = 22
◦C,
Fig. 5.13 & 5.14) and 14% (4.3 [N/m]) for inhomogeneous bending stiffness control
(C1 = 2.1, T0 = 22
◦C, Fig. 5.15) at the tip. The axial stiffness range was much
higher (0-556 [N/m] in axial, 0-62 [N/m] for 90 [deg] scales and 0-32 [N/m] for 120
[deg] scales in bending) due to low bending stiffness of the scales; however, the hys-
teresis and difference between the first cycle and continuous behavior of the system
was lower for the bending stiffness test where the joins undergo a smaller elastic
rotation. Directional bending stiffness is coupled with a 120 [deg] scale resulting in
a reduced maximum stiffness compared to 90 [deg] scales; however, stiffness con-





Figure 5.18: The thermoactive interface integrated on a two module STIFF-FLOP
continuum manipulator for (left & middle) stiffness control and (left & right) shape
locking in the straight and bent configurations. Note that the interface is not able
to fully preserve the shape of the manipulator and the manipulator shape is fixed
in a configuration with smaller curvature (the difference between the middle figure
with active STIFF-FLOP module and the right figure with inactive manipulator).
trol is easier for continuum manipulators with 120 [deg] placement of the actuator
chambers. Despite easier stiffness control for continuum manipulators with three
actuators, the coupled directional stiffness of 120 [deg] scales results in a smaller
maximum stiffness compared to a 90 [deg] one. Our new design has higher axial
and bending stiffness compared to our previous tendon scale jamming design with
22 [N/m] axial and 33 [N/m] bending stiffness in similar tests [41].
5.6.2 Integration on a Continuum Manipulator
A helical interface with nine active turns and 90 [deg] scales was integrated on a
continuum manipulator with two STIFF-FLOP (STIFFness controllable Flexible
and Learn-able manipulator for surgical OPerations) pneumatic actuator modules
[16, 15] for stiffness regulation and shape locking in straight and bent configuration
(Fig. 5.18 & 5.16). Results for load bearing and stiffness of the interface and the
module in a 9 [mm] tip horizontal deflection and for single and interactive actuation
(I = 135 [mA]) are presented in Fig. 5.16. The module with softened scales needs
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∗ Measured in initial straight configuration.
Table 5.1: Comparisons of manipulator tip bending stiffness, as a commonly used
measure in literature, for different stiffening methods used for a STIFF-FLOP con-
tinuum manipulator, MIS requirements [61] and commercially available catheters
[21].
1.2 [bar] pressure to reach the same configuration that requires only 0.8 [bar] when
there is no scale interface. Large system stiffness of STIFF-FLOP modules, to meet
the precision and load bearing criteria of most robotic surgeries, make it hard to
lock their exact shape (Fig. 5.18.middle & right). Two measurements, each with
three deformation cycles were carried out, for each case where good repeatability
was observed due to elastic deformation of the joints as a result of the manipulator
long length. The tip stiffness in straight configuration (I) was 12 [N/m] for the rigid
(R) scale interface, 13.5 [N/m] for the inactive (N) manipulator, 17.5 [N/m] for the
manipulator with soft (S) interface (30% increase due to the added friction) and 25
[N/m] for manipulator with rigid scales (43% increase). This value in bent configu-
ration (C) was 5 [N/m] for the rigid interface (interface shape locking), 29 [N/m] for
the pressurized (P) manipulator, 25 [N/m] for the manipulator with soft interface
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(14% decrease due to the added weight), 40 [N/m] for manipulator with rigid scales
(60% increase) and 33 [N/m] for shape locking of the inactive manipulator (Fig.
5.16). The scale stiffness is lower in the bent case due to the body weight effect
and concentration of the deformation at the root joints. The friction between the
manipulator and scale interface in the soft state adds some hysteresis to the system
in the straight case, but the hysteresis reduces in the bent case because of the he-
lical interface act as a secondary external braid. The total stiffness in the straight
case is a linear combination of the scale and manipulator stiffness; however, this
value is higher for than the simple summation of stiffness for the bent case, because
the manipulator causes a uniform distribution of deformation along the interface
joints. This shows the interactive functionality of the interface and manipulator in
the bent case which results in lowering the hysteresis and higher stiffness values than
expected.
The tip bending stiffness when integrated on two STIFF-FLOP modules (straight:
2.3-3.3 [N/rad], 47-67 [KNmm2], 43% increase, bent: 3.6-5.7 [N/rad], 73-118 [KNmm2],
60% increase) is higher than the commercially available endoscopes (15-31 [KNmm2])
[21], less than the desired value for MIS (17.2 [N/rad]) [61], and similar to low stiff-
ness range granular and layer jamming designs [21]. This design has the best shape
locking ability and the highest tip stiffness increase (straight: 43%, bent: 60%)
compared to a STIFF-FLOP module with granular jamming (straight: 43%, bent:
18%) [16] and tendon antagonistic stiffening (straight: 94%, bent: 24.3% increase)
[59], both with limited shape locking. Local and directional stiffness controllability,
higher uniform load-bearing for long designs and similar simple integration are the
advantages of the current design compared to our previous tendon scale jamming
approach [41]. Besides better scalability, due to omitting tendon routing friction,
and local and directional stiffness controllability, the presented design benefits from
high load-bearing to weight ratio, axial stretch and simple integration similar to our
previous tendon-driven interface [41], but presents lower stiffness increase (straight:
83%, bent: 330%), due to the contribution of the tendon stiffness, and suffers from







(I) (II) (III) (I) (II) (III) 
Figure 5.19: Preliminary results for (left) tip and (right) backbone disturbance rejec-
tion through passive shape adaptation with three independent stiffness controllable
elements: (I) initial state, (II) disturbance, (III) effect isolation. The background
grids, marked with a dash reference line and small black lines as distance units, are
used to calculate the configuration disturbance recovery.
higher hysteresis, nonlinear behavior and lower repeatability. These issues can be
addressed by an improved design based on a detailed heat transfer analysis, passing
the interface through a helical tube filled with coolant fluid, proper isolation of the
heating wires, using multiple parallel helical strands and changing the scale dimen-
sions for better shape locking and stiffness range. Table 5.1 presents a summary of
the results in comparison to the relevant designs in literature.
5.6.3 Simple Switching Control
The proposed simple switching controller was successfully used for passive shape
adaptation (Fig. 5.17), tip force regulation and isolation (Fig. 5.19.left) and back-
bone impedance disturbance isolation (Fig. 5.19.right) of the helical interface. In
Fig. 5.19.left, a force sensor is pushed against the interface tip. Fig. 5.19.right,
the tip is leaning against a fixed obstacle while a force sensor is pushed against
an arbitrary point along interface backbone. The stiffness of three elements along
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the interface were controlled separately. The simple control method only decreases
the stiffness of the adjacent elements to a configuration disturbance to cancel the
external load and isolate its effects through passive shape adaptation. The back-
ground grids at the isolating element border in Fig. 5.19.left and at the tip in Fig.
5.19.right, marked with a dash reference line and small black lines as distance units,
are used to calculate the configuration disturbance recovery percentage. The ratio
of the final force value after the disturbance rejection to its pick value is used to
calculate the force disturbance recovery percentage.
50% of the configuration at the element borders and 92% of the external force in the
tip disturbance case (Fig. 5.19.left) and 33% of the configuration and 91% of the
external force in the backbone disturbance case (Fig. 5.19.right) are canceled in less
than 90 [s]. However, the recovery is limited due to the passive shape adaptation,
meaning that the interface body weight is the only force that brings the interface
to a relaxed configuration, with configuration and force disturbance isolated. An
active control method is needed to take the backbone configuration, at the borders
of the isolating elements, to its undisturbed shape for a full recovery.
5.7 Conclusion
A thermoactive scale jamming interface is 3D-printed with a commercially avail-
able device as both a new way to control a continuum manipulator dexterity and
a method to fabricate general mechanisms with thermoactive functionally graded
designs. The interface compliance is regulated by controlling the joints’ wax tem-
perature for which empirical relations are identified. The common problems of
poor repeatability and response time with low melting point material are addressed
with a small wax enclosure design and using empirical relations in the controller
design. Novel morphological observation and decentralized control approaches are
employed based on which a minimal central controller is implemented. Prelimi-
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nary results for passive shape adaptation, geometrical disturbance rejection and
task space anisotropic stiffness regulation are presented by integration of the inter-
face on a continuum manipulator. Our results show potential of our platform and
method for stiffness planning of continuum manipulators, especially for quasi-static
operations in cold environments such as underwater and space. Similar functionally
graded thermoactive jamming designs can be fabricated, e.g. a layer jamming de-
sign with interlayer thermoactive material for stiffness regulation. Besides, a similar
joint idea can be used in designing different stiffness controllable structures.
Despite our promising results, the proposed design in this chapter is the proof of con-
cept stage and needs more modification and analysis with an application-oriented
perspective to be used in real-world engineering applications. As mentioned ear-
lier, the issues with high temperature, slow response and stochastic phase change
of the wax can be addressed by an improved design based on a detailed heat trans-
fer analysis, passing the interface through a helical tube filled with coolant fluid,
proper isolation of the heating wires, using multiple parallel helical strands and
changing the scale dimensions for better shape locking and stiffness range. Before
making any further claim about the integrability of our design on different contin-
uum manipulators, the design criteria of such interface should be established. This
helps addressing issues with miniaturization and scalability of the interface for mi-
cro robotic systems and clinical implementation of this technology in the future.
The proposed concept for a morphological observer is introduced and implemented
to address the lack of in-built sensing in our setup. A dedicated investigation is
needed to define a morphological observer, discuss the novelties and similarities of
this concept with previous research on morphological computation. The stability
and robustness of the proposed morphological observer and decentralized controller
designs need to be investigated when the interface is integrated on a continuum
manipulator. This is more important when keeping in mind that the presented
experimental results in this chapter and chapter 3 are based on a single module
continuum manipulator. The limitations of using a minimal central controller with
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a few stiffness controller units should be investigated further. A drawback of using
such design is that the stiffness of different elements cannot be controlled in parallel
and simultaneously. Besides, the effects of any differences, between the morphologi-
cal observer environment and those of its counterparts on the helical interface, need
to be studied in details. Finally, while in theory, the method should be applicable
to a manipulator with any number of segments, this claim should be verified with
further numerical and experimental studies based on an integration of the interface
on a manipulator with more actuator segments. In the next chapter, a conclusion
is presented where the methods and designs improvements, identified opportunities
and challenges, possible applications and open questions followed by the research
presented in this thesis are summarized.
Chapter 6
Conclusion
6.1 Summary of Thesis Achievements
This thesis investigates how the problem of stiffness regulation of continuum ma-
nipulators can be simplified by inspiration from morphology of biological fish scales
and experimental observations of manipulator geometry deformations.
To this end, a comparative study of five main methods in the literature for kine-
matic, static and dynamic modeling of continuum manipulators is presented in a
unified mathematical framework. The five widely used methods of Lumped system
dynamic model, Constant curvature, two-step modified constant curvature, variable
curvature Cosserat rod and beam theory approach, and series solution identification
are reviewed here with derivation details in order to clarify their methodological
differences. A comparison between computer simulations and experimental results
using a STIFF-FLOP continuum manipulator is presented to study the advantages
of each modeling method.
After a careful review and comparative study of current geometry and stiffness con-
trol and modeling of continuum manipulators, two new modeling approaches are
introduced to improve the accuracy and reduce the state space dimension of dy-
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namic models for braided continuum manipulators. We incorporate the mechanical
effect of the axial and circumferential highly elastic deformations of the manipulator
and assume an analytical framework to describe the geometry deformations of the
manipulator based on our experimental observations. For the first time, we intro-
duce the bending effect in the model of a braided extensile pneumatic actuator with
both stiff and bendable threads. Then, the effect of the manipulator cross-section
deformation on the constant curvature and variable curvature models is investigated
using simple analytical results from a novel geometry deformation method and is
compared to experimental results. We achieve 38% mean reference error simulation
accuracy using our constant curvature model for a braided continuum manipulator
in the presence of body load and 10% using our variable curvature model in the pres-
ence of extensive external loads. With proper model assumptions and taking into
account the cross-sectional deformations, a 713% increase in the simulation mean
error accuracy is achieved compared to a fixed cross-section model. The presented
models can be used for the exact modeling and design optimization of compound
continuum manipulators by providing an analytical tool for the sensitivity analysis
of the manipulator performance. Our main aim is the application in minimal inva-
sive manipulation with limited workspaces and manipulators with regional tunable
stiffness in their cross section.
Extending our work to model the manipulator backbone general deformation, we in-
troduce a novel real-time series solution for the variable-curvature Cosserat rod static
model and Lagrangian dynamic model of continuum manipulators in the presence
of significant external and body loads, by combining a modified Lagrange polyno-
mial series-solution based on experimental observations with Ritz and Ritz-Galerkin
methods. As a result, the infinite control state space is minimized to geometrical
positions of a few number of points (in our case two) and the dynamic force, posi-
tion and configuration nonlinear control scenarios are derived in a unified easy to
implement vector formalism. The model is verified against experiments in a planar
and general 3D scenarios, showing that the proposed Ritz-Galerkin method mean
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error is 6-8% ( 4-6 [mm]) and 16-20% ( 12-14 [mm]) for the Ritz solution in the
dynamic case. Our static solution is as accurate as the simple interpolation solu-
tion for the Cosserat rod static model. Comparing to five different models in the
literature, our approximate solution is shown to be more accurate with the smallest
possible number of states and suitable for real-time modeling, observation and con-
trol. We showed that by considering the mechanical effects of axial highly elastic
deformation, the model accuracy is increased by up to 6%.
After successful implementation of our geometry deformation approaches to model
compound braided continuum manipulators, two novel integrable helical interfaces
inspired by the shape and special arrangement of fish scales is designed in which
the stiffness is adjustable through tendon driven actuation, as a way for active
modulation of the normal force on the jamming scales, and use of thermoactive
stiffness tunable composite in-between the scale layers, as a means for regulation of
the inter-layer coefficient of friction.
Estimating about the possibility of biological scale jamming in real fish, we try to
understand the possible underlying actuation mechanism of such a behavior in a real
fish. We conduct experiments on a real fish skin in the jammed and unjammed cases
for simple compression, bending and bulking scenarios. The skin is encapsulated in
a thin latex layer and the scales are jammed through creating a vacuum inside the
latex layers. This shows the possibility of biological scale jamming in a real fish skin
through modulation of the normal force between the scales especially when they
are on the inner side of the bend. We observed a functional characteristic for the
biological scales in jamming. Very small hysteresis for the jammed skin is identified
as the normal force and the overlapping area of the scales increase. It is possible that
the biological jamming can occur passively due to the water external pressure and
body configuration as the fish body bends. The unique functional characteristics of
the scales may contribute in increasing the swimming locomotion energy efficiency
by tuning the structure stiffness.
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We present the idea of scale jamming inspired by fish and snake scales to control
the stiffness of continuum manipulators by modulating the Coulomb friction force
between rigid scales. A low stiffness spring is used as the backbone for a set of
round curved scales to maintain an initial helix formation while two thin fishing
steel wires are used to control the friction force by tensioning. The effectiveness
of the design is shown for simple elongation and bending through mathematical
modeling, experiments and in comparison to similar research. The model is tested
to control the bending stiffness of a STIFF-FLOP continuum manipulator module
designed for surgery. High stiffness range, very low hysteresis and easy integration to
different manipulator designs are the advantages of our jamming interface compared
to the previous research.
Then, we investigate the possibility of implementing stiffness control as a new source
of robots dexterity and flexibility control. Using a combination of UV curable acrylic
plastic and hydroxylated wax being used as high definition 3D printer support ma-
terial, we were able to design a highly articulated helical interface capable of mod-
ulating their resistance to deformation through the injection of joint temperature,
meaning that low temperatures lead to high stiffness and low compliance, while high
temperatures lead to low stiffness and high compliance. This temperature is induced
via nichrome wire heating elements. Our results establish a clear relationship be-
tween temperature change and system compliance through a comprehensive study
on the wax melting profile and the join different design. Future concepts involve
the mathematical analysis and fabrication of a helical arrangement with precise
control over the tip directional and local stiffness matrix. A minimalistic control
approach is used for the stiffness regulation and temperature control of all the joints
through Joule heating by implementing a novel morphological observer using a log-
ical switching board and a current control unit. Other applications may involve the
use of origami structures to change their shapes through the modification of their
stiffness joints.
Our model enables us to better understand the elastic and damping behavior of a
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jamming design and introduce equivalent coefficients for a simpler controller design.
Using this model, we identify the effective parameters and optimize our scale jam-
ming design for minimum hysteresis and increased repeatability as the two main
problems with the stiffness tunable jamming designs in the literature.
Finally, By creating a relationship between the finite element analysis and the real
morphology of a continuum manipulator, a new decentralized morphological ap-
proach is presented to regulate the regional stiffness of a continuum manipulator
for configuration disturbance rejection and task space stiffness modulation. To in-
vestigate the performance of our decentralized controller, a setup is built consisting
of our stiffness tunable interface integrated on a braided pneumatic continuum ma-
nipulator. We verify our design and control approach in maintaining the task space
stiffness in the presence of the configuration disturbances for the application of soft
tissue palpation. We believe, our analytical approach toward morphological design,
identification and control of bio-inspired robotic platforms to achieve enhanced en-
gineering performance and deeper understanding of the natural behavior of their
biological counterpart, can be a standard practice in the future research in the field
of morphological computation.
The presented geometry deformation based models for the manipulator cross-section
and backbone, which are developed and compared based on our earlier comparative
study on the different commonly used models for continuum manipulators, provides
a basis for exact real-time modeling of compound structure continuum manipulators.
These models are used later as a part of a two-step model for stiffness control and
planning of the manipulator, covered with the presented designs for an integrable
scale jamming interface. These interfaces are designed by taking inspiration from
geometrical jamming of real fish scales after careful experiments on jamming prop-
erties of different fish skin samples. Different bio-inspired scale geometries (with
tangential and radial jamming force) and actuation mechanism (tendon, SMA and
thermoactive joints) are tested and compared with other stiffening solutions for
medical applications. Finally, decentralized morphological control and observation
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are investigated to simplify the complex problem of stiffness planning and controller
design of such compound structure. In summary, this thesis presents the following
novel principles:
• The advantages of the lumped model for dynamic control, Constant Curva-
ture models for estimation and observation, Cosserat rod models for accurate
general modeling and identification based methods for real-time control is dis-
cussed.
• Gathering most of the advantages of the different discussed models, i.e. accu-
racy, generality, real-time implementation and suitability for control design, is
possible using shape function based semi-analytical solutions.
• To this end, the manipulator cross-section and backbone are modeled based
on empirical observations of the manipulator geometry deformation that re-
duces the infinite modeling state space of such problems to the coordinates of
a few number of points along the backbone. 6% absolute error, which is the
smallest achieved error in our comparison, and 7-13% increase in the accuracy
by considering the cross-section exact deformation are the results of such ap-
proach. Using real stress and strain are the key considerations to achieve such
accuracy.
• A detailed analysis shows considering complex structural deformation using an
analytical model helps with accurate sensitivity analysis which is necessary for
design optimization only if reasonable assumptions and combination of models
are taken into account.
• The possibility of biological scale jamming in a real fish skin, due to the bi-
ological scale special morphology and special inclined stacking formation in
jamming, is observed in experiments which shows the possible role of a jam-
ming mechanism in stiffness modulation of the fish body.
6.2. Applications 184
• As a result, for the first time, we proposed that a reversible and smooth load
cycle with small hysteresis for jamming media is possible using geometrical
jamming instead of traditional friction-based jamming.
• The geometrical jamming idea is tested based on three bio-inspired scale jam-
ming interface designs, suitable for stiffness control of different types of con-
tinuum manipulators. The presented tendon driven design is the first and only
jamming enable design that presents a very small hysteresis in the full return
cycle. The thermoactive design provides the most comprehensive control over
local and directional stiffness available for continuum manipulators.
• Modeling and control of the presented integrable interface on a continuum
manipulator, consisting of STIFF-FLOP modules in our case, is possible with
a two-step model where the manipulator element stiffness in the Cosserat
rod model framework is pre-calculated based on a piecewise model for the
equivalent stiffness of the integrated section of the scale jamming interface.
• We showed that the estimating model in a traditional observer can be sub-
stituted with the morphological computational power of a fully monitored
physical replica of the actual system. This is called a morphological observer.
• The importance of a decentralized control framework is presented to simplify
the stiffness planning task and controller setup design. This is supported by
experimental results for impedance rejection at the tip and along the backbone
of our helical scale jamming interface.
6.2 Applications
The main applications of the presented methods and designs in this thesis are as
follows.
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• Our comparative study helps choosing the right modeling approach in dif-
ferent research on continuum manipulators based on their applications and
requirements.
• Our analytical models help with design optimization of more capable manipu-
lators for medical and inspection applications based on sensitivity analysis of
important structural parameters
• Real-time accurate modeling, control and disturbance rejection of continuum
manipulators’ configuration and impedance is possible with our model state
space reduction and decentralized morphological control approach.
• Our easily integrable helical interface can be used for stiffness control of a wide
range of different continuum manipulators in different applications.
• The main application of this work is in the field of Medical Diagnosis, Mini-
mal Invasive Surgery and rehabilitation where stiffness controllable continuum
manipulators are emerging for their combined safe interaction and precise task
space control.
• Our modeling and stiffness control approach is useful for the application of
continuum manipulators for inspection, maintenance and repair in underwater,
space and disastrous environments.
• Our bio-inspired design and experiments can help unraveling the underlying
principle of the similar behavior, scale jamming in this case, in nature.
• Our 3D-printed functionally graded design with a conventional 3D-printing
machine can be used in fabrication of other deployable and origami mechanisms
with stiffness controllable joints.
• The proposed control space reduction, decentralized control and morphological
observation approach can be used in similar research on soft robots.
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6.3 Future Work
The discussed methods and designs in this thesis can be improved and tested in more
realistic environments in the future research by considering the following suggestions.
• As the main goal of the developed methods in this thesis, the integrated scale
jamming interface on a continuum manipulator can be tested for more realistic
medical tasks such as soft tissue palpation and manipulation.
• The proposed state reduction for continuum manipulator modeling can be
extended to be used for stiffness imaging and observation in realistic medical
applications.
• The contribution of the unique functional characteristics of the scales in in-
creasing the swimming locomotion energy efficiency can be investigated fur-
ther. For example, the scales may contribute in tuning the structure stiffness
for effective trust generation during the tail motion cycle, or storing kinetic
energy of the body at the end of each cycle, when they are fully jammed, to
be used for easier initiation of the next cycle.
• The use of low friction geometrical jamming can be investigated further by
looking into similar concepts in granular and layer jamming designs and its
similarities with rheological fluids.
• The design of the scale jamming interfaces can be improved for better repeata-
bility and uniform linear performance.
• A miniature metallic scale design with radial force actuation, low stiffness
spring backbone and roller bearings for the wire contact points can be fab-
ricated to combine all the advantages of the presented helical scale jamming
interface in this research.
• The same geometrical feature, that enabled a helical interface to possess lo-
cal and directional stiffness controllablity with easy modulation of helix cross
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section torsional stiffness, can inspire the design of a tendril actuator interface
based on SMA wires.
• A dedicated investigation is needed to define a morphological observer, dis-
cuss the novelties and similarities of this concept with previous research on
morphological computation.
• The stability and robustness of the proposed morphological observer and de-
centralized controller designs need to be investigated.
• Similar functionally graded thermoactive jamming designs can be fabricated,
such as a layer jamming design with interlayer thermoactive material for stiff-
ness regulation. Besides, a similar joint idea can be used in designing different
stiffness controllable structures.
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